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a b s t r a c t 

Ion exchange chromatography (IEC) is one of the most widely-used techniques for protein separation and 

has been characterized by mechanistic models. However, the time-consuming and cumbersome model 

calibration hinders the application of mechanistic models for process development. A new methodology 

called "parameter-by-parameter method (PbP)" was proposed with mechanistic derivations of the steric 

mass action (SMA) model of IEC. The protocol includes four steps: (1) first linear regression (LR1) for 

characteristic charge; (2) second linear regression (LR2) for equilibrium coefficient; (3) linear approxi- 

mation (LA) for shielding factor; (4) inverse method (IM) for kinetic coefficient. Four SMA parameters 

could be one-by-one determined in sequence, reducing the number of unknown parameters per species 

from four to one, and predicting almost consistent retention. Numerical single-component experiments 

were investigated firstly, and the PbP method showed excellent agreement between experiments and 

simulations. The effects of loadings on the PbP and Yamamoto methods were compared. It was found 

that the PbP method had higher accuracy and robustness than the Yamamoto method. Moreover, a five- 

experiment strategy was suggested to implement the PbP method, which is straightforward to reduce 

the cost of calibration experiments. Finally, a real-world multi-component separation was challenged and 

further confirmed the feasibility of the PbP method. In general, the proposed method can not only reli- 

ably estimate the SMA parameters with comprehensive physical understanding but also accurately predict 

retention over a wide range of loading conditions. 

© 2022 Elsevier B.V. All rights reserved. 
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. Introduction 

The separation and purification of proteins with liquid chro- 

atography have progressed over recent decades. Process devel- 

pment and optimization are critical for ion-exchange chromatog- 

aphy (IEC). Many researchers prefer to develop mechanistic mod- 

ls rather than repeat lots of conventional experiments in order 

o improve process efficiency [ 1 , 2 ]. Mechanistic models are use- 

ul in process development [ 3 , 4 ], resin characterization [5] , process

ptimization [ 6 , 7 ] and model predictive control [8] . However, the

etermination of model parameters is essential for the application 

nd generalization of modeling tools. The steric mass action (SMA) 

sotherm introduced by Brooks and Cramer [ 9 ] with four parame- 

ers (characteristic charge ν , equilibrium coefficient k eq , shielding 

actor σ , and kinetic coefficient k kin ) is a popular extension to the 

toichiometric displacement model (SDM) for IEC. These models 
∗ Corresponding author. 
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an describe in a good way how the operating conditions affect IEC 

10] . Both the SMA and SDM isotherms share similar profiles un- 

er diluted conditions, but they are radically different in the non- 

inear region. There are two main available ways to calibrate the 

MA model, the inverse method (IM) and the Yamamoto method 

11–17] . 

IM is a standard practice to fit the observed experimental data 

o a specific model directly. Given an objective function, the cal- 

bration of an isotherm model is converted into an optimization 

roblem [18] . A faulty optimization algorithm would make results 

nscientific and unreasonable or trap them in a local optimum. 

n practice, the calibration of SMA parameters may be not only 

n ill-conditioned problem but also an ill-posed problem, which 

eans there are lots of solutions that satisfy the objective function. 

oreover, the iterative process is time-consuming and dependent 

n the available computational power. The choice of appropriate 

nitial guesses is troublesome without full physical understanding. 

he fewer parameters to be calibrated, the more reliable results of 

M. 

https://doi.org/10.1016/j.chroma.2022.463418
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chroma
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In contrast to IM, the Yamamoto method is a straightforward 

ethod due to physical cognition, which has been successfully 

dopted for process development and optimization of IEC in re- 

ent years [ 14 , 15 , 19–22 ]. Through a few linear gradient elution

xperiments (LGEs), this method can efficiently figure out two 

MA parameters ( ν and k eq ) by a linear relationship between the 

alt concentration at retention time and the normalized gradient 

lope. Moreover, the Yamamoto method is derived from a reten- 

ion model, so it can also be applied to predict retention [ 23 , 24 ].

owever, Creasy et al. [25] reported that the Yamamoto method 

an only predict retention when the loading is less than 5–10% 

f the column binding capacity. Saleh et al. [15] also employed 

he Yamamoto method to calculate initial guesses of SMA parame- 

ers at low loadings. Operating under diluted conditions has strict 

equirements for analytical equipment. However, the loadings for 

ndustrial-level processes are often high to ensure the process pro- 

uctivity. Experiments with various loadings are often carried out 

ith different equipment, and the cross-device risk may lead to 

odel failure and recalibration of model parameters [26] . There- 

ore, the Yamamoto method has some inherent limitations for in- 

ustrial application. This might be that it is based on the SDM, 

hich can not be transplanted directly to the nonlinear part of the 

MA isotherm. 

To better estimate the SMA parameters and accurately predict 

he retention of IEC, a new parameter-by-parameter (PbP) method 

ould be developed in the present work that comes from some 

heoretic derivations and simplifying assumptions. Numerical ex- 

eriments with different gradient lengths and loadings were con- 

ucted for validation and evaluation of the proposed method as 

ell as real-world experiments. The Yamamoto method was used 

s a benchmark for comparison. The performance of these two 

ethods was evaluated by parameter estimation and retention 

rediction. The quantitative bias analysis was employed to assess 

he sensitivity of specific variables and reveal the application scope 

f the developed method. Then a dedicated experimental strategy 

or better implementation of the PbP method was suggested. 

. Theory 

.1. Mechanistic model 

The equilibrium dispersive model (EDM) is used as the col- 

mn model of chromatography, including the description of con- 

ection, dispersion, and adsorption [27] . This model assumes that 

here is an instantaneous equilibrium between the solid and liquid 

hases, which in case of slow rates of mass transfer would possibly 

eed additional adjustments. Hereby, the protein concentration in 

he bulk phase is equal to the average concentration in the intra- 

articular mobile phase [28] . The model lumps all effects caused 

y the axial dispersion and other mass transfer effects into one pa- 

ameter, the apparent axial dispersion coefficient D app , to describe 

eak broadening [ 29 , 30 ]. The mass balance for the mobile phase is

iven by: 

∂c i 
∂t 

( z, t ) = − u 

ε t 

∂c i 
∂z 

( z, t ) + D app 
∂ 2 c i 
∂z 2 

( z, t ) − 1 − ε t 
ε t 

∂q i 
∂t 

( z, t ) (1) 

here c i and q i represent the concentration of component i in the 

obile phase and the stationary phase (mol/L), respectively. z and 

are the axial position (m) and time (s), respectively. u denotes the 

uperficial velocity of liquid phase (m/s). ε t is the total porosity. 

The initial conditions (ICs) and boundary conditions (BCs) are 

efined as follows. A rectangular pulse injection is considered as: 

 inj ,i 

(
t inj 

)
= 

{
c inj x i 0 < t ≤ t inj 

0 t > t inj 
(2) 
2 
here c inj ,i and x i are the injection concentration (mol/L) and the 

ole fraction of protein i , respectively. c inj and t inj represents the 

njection concentration (mol/L) and injection time (s), respectively. 

he Danckwerts BCs are applied as: 

 app 
∂c i 
∂z 

( 0 , t ) = 

u 

ε t 

[
c i ( 0 , t ) − c inj ,i ( t ) 

]
(3) 

 app 
∂c i 
∂z 

( L, t ) = 0 . (4) 

The kinetic SMA isotherm is described as [31] : 

 kin ,i ·
∂q i 
∂t 

( z, t ) = k eq ,i 

[ 

� −
n ∑ 

j=1 

(
ν j + σ j 

)
· q j ( z, t ) 

] νi 

· c i ( z, t ) 

− q i ( z, t ) · c νi 
s ( z, t ) (5) 

 s ( z, t ) = � −
n ∑ 

j=1 

ν j · q j ( z, t ) (6) 

here k kin ,i , k eq ,i , νi and σi are the kinetic coefficient, equilibrium 

oefficient, characteristic charge, and shielding factor of protein i , 

espectively. k eq ,i is the ratio of adsorption and desorption con- 

tants affecting the elution peak position, while k kin ,i is the recip- 

ocal of desorption constant characterizing the influences of des- 

rption rate and affecting the peak width [32] . � represents the 

otal ion-exchange capacity for binding (mol/L). c s and q s are the 

alt concentration (mol/L) in the mobile phase and the station- 

ry phase, respectively. 
n ∑ 

j=1 

( ν j + σ j ) q j means the nonlinear term 

aused by the steric shielding of protein. 

At the adsorption equilibrium, the left term of Eq. (5) is equal 

o zero, and it can be simplified as: 

q i ( z, t ) 

c i ( z, t ) 
= k eq ,i · c −νi 

s ( z, t ) 

[ 

� −
n ∑ 

j=1 

(
ν j + σ j 

)
· q j ( z, t ) 

] νi 

. (7) 

.2. Parameter-by-parameter method 

The core of the PbP method is a retention model obtained from 

he linearization of 
n ∑ 

j=1 

( ν j + σ j ) q j . The retention model can be uti- 

ized to determine the SMA parameters in sequence and predict 

he retention if the model parameters are known. 

.2.1. Retention model 

Under diluted conditions ( � �
n ∑ 

j=1 

( ν j + σ j ) q j ), the SMA model 

f component j at retention time of protein i ( t R ,i ) is approximate 

o the linear form with the Henry coefficient H i j = k eq , j · c 
−ν j 

s , R ,i 
· �ν j 

s [ 12 ]: 

 i j ( t R ,i ) ≈ H i j ( t R ,i ) · c i j ( t R ,i ) = 

H i j ( t R ,i ) · c i j ( t R ,i ) 

c̄ inj 

(
t inj 

) · c̄ inj 

(
t inj 

)
= k i j ( t R ,i ) · c̄ inj 

(
t inj 

)
. (8) 

here c i j and q i j represent the mean concentration in the mobile 

nd stationary phase (mol/L), respectively, c̄ inj = c inj · u · t inj /L de- 

otes the relative injection concentration (mol/L). 

Using Eq. (8) , the nonlinear term at t R ,i can be related to the 

onlinear coefficient a i as: 

n 
 

j=1 

(
ν j + σ j 

)
· q i j ( t R ,i ) ≈

n ∑ 

j=1 

k i j ( t R ,i ) ·
(
ν j + σ j 

)
· c̄ inj 

(
t inj 

)
= a i ( t R ,i ) · c̄ inj 

(
t inj 

)
(9) 
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hich is the most important feature of the PbP method. 

The retention factor k ′ 
i 

of protein i is given by [33] : 

 

′ 
i ( t ) = 

1 − ε t 
ε t 

q 
i ( L, t ) 

c i ( L, t ) 
. (10) 

Using Eqs. (7) and (9) , Eq. (10) can be rewritten as: 

 

′ 
i ( t ) = 

1 − ε t 
ε t 

· k eq ,i · c −νi 
s ( L, t ) ·

(
� − a i ̄c inj 

)νi 
. (11) 

As for gradient elution of IEC, k ′ 
i 

and c s can be associated with 

he retention volume V R ,i and the column volume V col as [34] : 

 R ,i 
 

0 

d V ( t ) 

k 
’ 

i ( t ) · V col · ε t 
= 1 (12) 

 ( t ) = 

( 1 − ε t ) [ c s ( L, t ) − c initial ] 

GH 

· V col. (13) 

The normalized gradient slope can be defined by: 

H = 

( 1 − ε t ) ( c final − c initial ) 

CV G 

(14) 

here CV G is the elution volume in column volume (CV) units. 

 final and c initial denote the final and initial salt concentration of 

radient elution at the column inlet, respectively. Using Eqs. (11) , 

13) , and (14) related to c s , R ,i (the salt concentration at t R ,i ), 

q. (12) can be rewritten as: 

c s , R ,i ∫ 
 initial 

c νi 
s d c s = k eq ,i 

(
� − a i ̄c inj 

)νi 
GH . (15) 

Then, integrating Eq. (15) , we have 

 

νi +1 
s , R ,i 

= c νi +1 

initial 
+ k eq ,i ( νi + 1 ) 

(
� − a i ̄c inj 

)νi 
GH . (16) 

If the condition ( c s , R ,i /c initial ) 
νi +1 � 1 is satisfied in most cases, 

he first term of the right of Eq. (16) is neglectable. As a result,

q. (16) can be expressed as the logarithmic form as: 

gGH = ( νi + 1 ) lg c s , R ,i − lg 

[ 
k eq ,i ( νi + 1 ) 

(
� − a i ̄c inj 

)νi 

] 
. (17) 

For the specific component in this retention model, there are 

hree variables ( GH , c s , R , and c̄ inj ), and three undetermined coeffi- 

ients ( ν , k eq , and a ). In fact, the property of protein c s , R is depen-

ent on the operating conditions ( GH and c̄ inj ), so c s , R is the de- 

endent variable while GH and c̄ inj are the independent variables. 

sing this retention model, we can calculate three undetermined 

oefficients ( ν , k eq , and a ) by changing one of the operating condi-

ions ( GH or c̄ inj ) parameter-by-parameter as follows. 

.2.2. Estimation of characteristic charge 

According to mechanisms of the SMA isotherm, ν is a funda- 

ental feature to characterize the adsorption strength. It is as- 

ociated with the order of retention but has no obvious signifi- 

ance in loadings [14] . Therefore, several LGEs with different gradi- 

nt lengths and consistent loadings can be used to calibrate ν . For 

his, Eq. (17) can be rewritten as the linear equation with slope 

 1 ,i = νi + 1 and intercept n 1 ,i = −lg [ k eq ,i ( νi + 1 ) ( � − a i ̄c inj ) 
νi ] as:

gGH = m 1 ,i lg c s , R ,i + n 1 ,i . (18) 

Eq. (18) is named as the first linear regression (LR1) of the PbP 

ethod. νi can be obtained as: 

i = m 1 ,i − 1 . (19) 
3 
.2.3. Estimation of equilibrium coefficient 

One of two independent variables ( GH ) has been used to deter- 

ine ν . At the same time, both c̄ inj and k eq appear in the formula 

f n 1 ,i . Thus, the rest independent variable c̄ inj is employed to esti- 

ate k eq in this section. n 1 ,i can be further expressed as the linear 

unction with slope m 2 ,i = −k 
ν−1 

i 
eq ,i 

· a i and intercept n 2 ,i = k 
ν−1 

i 
eq ,i 

· �
s: 

0 

−n 1 ,i ·ν−1 
i ( νi + 1 ) 

−ν−1 
i = m 2 ,i c inj + n 2 ,i . (20) 

Eq. (20) is named as the second linear regression (LR2) of the 

bP method. Combining m 2 ,i and n 2 ,i , a i and k eq ,i can be repre- 

ented as: 

 i = −m 2 ,i 

n 2 ,i 

� (21) 

 eq ,i = 

(
n 2 ,i 

�

)νi 

. (22) 

To complete the LR2, the left-hand side of Eq. (20) should be 

alculated at every loading. If the same number of LGEs were con- 

ucted at every loading, it requires extra effort of experiments. A 

easonable approach is derived as follows to reduce the experiment 

ost. 

It is assumed that ν is identical at varying loadings, thereby 

q. (17) is a group of parallels. If the intercepts n 1 of these parallels

re known, the left-hand side of Eq. (20) can be obtained owing to 

he calibrated ν by LR1. The point-slope formula can figure out the 

ntercepts based on multicollinearity as: 

 1 ,i = −( v i + 1 ) lg c s , R ,i + lgGH. (23) 

.2.4. Estimation of shielding factor 

Eq. (9) can be rewritten as: 

n 
 

j=1 

k i j ( t R ,i ) ·
(
ν j + σ j 

)
= a i ( t R ,i ) (24) 

here ν and a of individual protein i can be calculated by LR1 and 

R2 as mentioned above, respectively. Therefore, the linear system 

f equations, K ( ν + σ) = a , can be shown as: 
 

 

k 11 · · · k 1 j 
. . . 

. . . 
. . . 

k i 1 · · · k i j 

⎤ 

⎦ 

⎡ 

⎣ 

ν1 + σ1 

. . . 
ν j + σ j 

⎤ 

⎦ = 

⎡ 

⎣ 

a 1 
. . . 

a i 

⎤ 

⎦ (25) 

here the element k i j = H i j · c i j / ̄c inj in K is valid using Eq. (8) . 

If the coefficient matrix K is invertible and positive definite, the 

inear system can be calculable as: 

= K 

−1 a − ν. (26) 

For the single-component system, Eq. (26) can be simplified as: 

= 

c̄ inj 

k eq · c −ν
s , R 

· �ν · c i j 

a − ν. (27) 

The above method to calculate σ is named as the linear approx- 

mation (LA) of the PbP method. 

.2.5. Estimation of kinetic coefficient 

As mentioned above, three parameters ( ν , k eq , and σ ) can 

e directly calibrated by LR1, LR2, and LA, respectively. However, 

he straightforward estimation of the fourth parameter k kin is ex- 

remely difficult, because it does not show up explicitly in the 

tatic SMA isotherm as Eq. (7) . k kin should be estimated by IM with

lution curves of LGEs. The objective function is expressed as: 

in J 
k kin 

( c h ; k kin ) := min 

k kin 

m ∑ 

j=1 

n ∑ 

i =1 

≥
∥∥c i − c h,i 

(
z, t; k kin , i 

)∥∥2 

L 2 

‖ c i ‖ 2 L 2 

(28) 
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Fig. 1. Scheme of the PbP and Yamamoto method for parameter estimation. 
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here m and n are the total number of LGEs and components, re- 

pectively. For specific component i , c i and c h,i represent the mea- 

urement and numerical approximation, respectively. ‖ · ‖ L 2 de- 

otes the L 2 -norm. The above optimization problem is solved with 

 combination of deterministic and heuristic methods, after which 

 kin can be estimated. 

.2.6. Parameter estimation 

Based on the above derivation, a parameter-by-parameter 

ethod is proposed to estimate the SMA parameters by several 

GEs in different gradient lengths and loading conditions. The 

ethod includes four steps as follows: 

(1) ν is estimated by LR1 with c s , R of LGEs in varying gradient 

engths. 

(2) k eq is determined by LR2 with c s , R of LGEs under different 

oading conditions, and the point-slope formula is used to measure 

he intercepts of LR1. 

(3) σ is calculated by solving a set of linear equations based on 

A. 

(4) k kin is calibrated by IM with elution curves of LGEs. 

The flowchart of the PbP method is shown in Fig. 1 . 

.2.7. Retention prediction 

The known parameters can also be applied to predict the re- 

ention by the above retention model. Using Eq. (17) , c s , R ,i can be 

erived as: 

 s , R ,i = 

[ 
k eq ,i ( νi + 1 ) 

(
� − a i ̄c inj 

)νi 
GH 

] 1 / ( νi +1 ) 

. (29) 

Combining Eqs. (14) and (17) , the retention of protein i in CV 

nits CV R ,i can be described by: 

V R ,i = 

1 − ε t 
GH 

{[ 
k eq ,i ( νi + 1 ) 

(
� − a i c inj 

)νi 
GH 

] 1 
νi +1 − c initial 

}
(30) 

hich can be calculated by a combination of operating conditions 

 GH and c̄ inj ), the nonlinear coefficient a using LR2, and the SMA 

arameters ( ν and k eq ). 

.3. Yamamoto method 

If c̄ inj tends to zero, Eq. (17) can be simplified as: 

gGH = ( νi + 1 ) lg c s , R ,i − lg 
[
k eq ,i ( νi + 1 ) �νi 

]
(31) 
4 
hich is identified to the classical Yamamoto equation [13] . It 

s worth noting that the simplification condition is an infinitesi- 

al loading, so the Yamamoto method can be used at low load- 

ngs only. Eq. (31) contains two parameters ( νi and k eq ,i ), and 

an be rewritten with the slope m i = νi + 1 and intercept n i =
lg [ k eq ,i ( νi + 1 )�νi ] as: 

gGH = m i lg c s , R ,i + n i . (32) 

Then, νi and k eq ,i can be obtained by several LGEs in varying 

radient lengths as: 

i = m i − 1 (33) 

 eq ,i = 

10 

−n i 

m i �νi 
. (34) 

The other two parameters ( σ and k kin ), are typically solved 

y combining IM with elution curves of LGEs [13] . The compari- 

on of the Yamamoto and the PbP method for parameter estima- 

ion and experiment requirements is presented in Fig. 1 . The Ya- 

amoto method can also be used to predict the retention. If c̄ inj 

n Eq. (30) approaches zero, it can be simplified as: 

V R ,i = 

1 − ε t 
GH 

{ [
k eq ,i ( νi + 1 ) �νi GH 

] 1 
νi +1 − c initial 

} 

. (35) 

. Materials and methods 

.1. Numerical solution and software 

To solve the mechanistic model of IEC, the discontinuous 

alerkin finite element method (DG-FEM) was adopted [ 35 , 36 ], 

hich is an efficient numerical approach for differential algebraic 

quations (DAEs). These codes were implemented by Python 3.10 

ith many functional packages as follows: the fundamental pack- 

ge NumPy for matrix calculations [37] , a stiff solver in the sci- 

ntific framework SciPy with the Jacobian matrix for solving the 

nitial problem [38] , the powerful module scikit-opt for heuristic 

lgorithms, and the 2D graphics toolkit Matplotlib for generating 

ublication-quality images [39] . 
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Table 1 

Parameters of column geometry, operating condition, mass transport, and binding of proteins in numerical and real-world experiments. 

Catalog Parameter Symbol Numerical experiment [18] Real-world experiment [ 25 , 40 ] 

Value Unit Value Unit 

Geometry Column length L 25.0 cm 5.0 cm 

Total porosity ε t 0.58 – 0.86 –

Particle porosity † ε p 0.30 – 0.77 –

External porosity ε e 0.40 – 0.38 –

Ionic capacity � 0.57 ‡ mol/L 0.20 mol/L 

Operating Initial salt concentration c initial 0.05 mol/L 0.02 mol/L 

Final salt concentration c final 0.55 mol/L 0.32 mol/L 

Flow rate 2.88E-8 m 

3 /s 0.50 mL/min 

Transport Apparent axial dispersion 

(external volume) 

D app , e 0.30 P mm 

2 /s 0.79 mm 

2 /s 

Apparent axial dispersion § D app 0.21 mm 

2 /s 0.35 mm 

2 /s 

Binding ‖ Characteristic charge ν 7.00 – – –

Equilibrium coefficient k eq 0.200 – – –

Shielding factor σ 50.0 – – –

Kinetic coefficient k kin 0.100 P sM 

ν – sM 

ν

† : ε t was calculated by ε e + ( 1 − ε e ) ε p . 
‡ : � was modified to satisfy the relationship of �/ ( v + σ ) = 0.01 in numerical experiments. 
§ : D app of EDM was estimated by D app ε t = D app , e ε e [30] . 
P : D app , e and k kin were selected for validation of the PbP method in numerical experiments, although the column model used in [18] is different from this 

work. 
‖ : The ground truths of four SMA parameters are unknown in real-world experiments. 

Table 2 

A summary of all numerical experiments. 

No. Purpose CV G (CV) LF col (% column) 

1 LR1 8 5 

2 LR1 16 5 

3 LR1 32 5 

4 LR2 8 1 

5 LR2 16 2 

6 LR2 32 10 

3

m

w

T

m  

E

b

e

L

r

i

L

(

L

i

i

c

l

L

T

w

0

0

3

(

e  

m

a

m

a

N

0

0

3

e

√√√√
w

l

fi√

4

4

e

m

s  

n

i

s

.2. Numerical experiment 

To validate the accuracy and feasibility of the PbP method, nu- 

erical experiments were performed based on a presumed protein 

ith the known SMA parameters according to Heymann et al. [18] . 

he column-specific and SMA parameters are available from Hey- 

ann et al. [18] as listed in Table 1 . The DAEs that include the

DM and the SMA isotherm were implemented to conduct virtual 

ind-and-elute experiments under different conditions and obtain 

lution curves. 

To evaluate the effects of loading conditions, the loading factor 

F was used as a comparative benchmark, which is defined by the 

atio of the injected amount c̄ inj to the saturated adsorption capac- 

ty q max as [27] : 

F = 

c̄ inj 

q max 
. (36) 

For the single-component system with the SMA isotherm 

 q max = �/ ( v + σ ) ), the loading factor can be expressed as: 

F = 

v + σ

�
· c̄ inj . (37) 

The loading factor of column LF col = LF /ε t is applied in numer- 

cal experiments. Six LGEs with varying gradient lengths and load- 

ngs were generated, as listed in Table 2 . The experiments were 

lassified into two groups: the first three in different gradient 

engths for LR1 and the remaining three at different loadings for 

R2. The molecular weight of the presumed protein was 15 kDa. 

he sample contained 0.05 mol/L NaCl and the injection volume 

as 1.0 CV. After sample injection, the column was washed with 

.05 mol/L NaCl and then eluted with the linear salt gradient from 

.05 to 0.55 mol/L NaCl. 
5 
.3. Real-world experiment 

A series of LGEs on the separation of monoclonal antibody 

mAb) monomer-dimer mixtures with IEC were taken from Reck 

t al. [40] and Creasy et al. [25] . A stock solution contained 72%

Ab and 28% dimer. The parameters of column geometry, oper- 

ting condition, mass transport, and binding of proteins are sum- 

arized in Table 1 . All experiments are divided into two groups, 

s displayed in Table 3 . The loading buffer contained 0.02 mol/L 

a + . After the sample injection, the column was washed with 

.02 mol/L Na + and then eluted with the linear salt gradient from 

.02 to 0.32 mol/L Na + . 

.4. Model qualification 

Numerical experiments were used to calibrate the SMA param- 

ters. The agreement between the calibration ˆ p and ground truth 

p could be measured by a L 2 -error as: 
 

 

 

 

∥∥∥p − � 

p 

∥∥∥2 

L 2 

‖ 

p ‖ 

2 
L 2 

(38) 

hich can also be applied to evaluate the agreement of retention. 

Afterwards, the estimated parameters were employed to simu- 

ate elution profiles. In the same way, the L 2 -error of elution pro- 

les was used as: 
 

J ( c h ; k kin ) 

mn 

. (39) 

. Results and discussion 

.1. Evaluating parameter-by-parameter method by numerical 

xperiment 

The numerical experiment is a useful tool to evaluate if the 

odel prediction and the virtual experiments give the same re- 

ults in chromatography [ 18 , 41 , 42 ]. Zhang et al. [41] performed

umerical experiments to evaluate the regularization to solve the 

nverse problem of competitive Langmuir isotherm. It is more 

uitable than real-world experimental data to test and verify the 
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Table 3 

A summary of all real-world experiments. 

No. Purpose CV G (CV) Loadings (g/L column) Loading volume (mL) Ref. 

1 LR1 5 2 0.1 Reck et al. [40] 

2 LR1 10 2 0.1 Reck et al. [40] 

3 LR1 15 2 0.1 Reck et al. [40] 

4 LR1 25 2 0.1 Reck et al. [40] 

5 LR1 40 2 0.1 Reck et al. [40] 

6 LR2 25 4 0.97 Creasy et al. [25] 

7 LR2 25 10 2.4 Creasy et al. [25] 

8 LR2 25 20 4.9 Creasy et al. [25] 

9 LR2 25 40 9.7 Creasy et al. [25] 
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Table 4 

SMA parameters of numerical experiments estimated by different methods. 

Parameter Unit 

Ground 

Truth 

Parameter-by-parameter Yamamoto 

Value L 2 -error Value L 2 -error 

ν – 7.00 6.92 0.011 6.92 0.011 

k eq – 0.200 0.188 0.062 0.109 0.457 

σ – 50.0 44.81 0.104 – –

k kin sM 

ν 0.100 0.103 0.032 – –
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ethod of parameter estimation as a preliminary attempt because 

he agreement of parameters can be measured. EDM is a well- 

nown column model, where the lumped parameter D app includes 

eak broadening effects caused by axial dispersion as well as by all 

ther mass transfer [30] . Kaczmarski [43] reported that the solu- 

ion of EDM is equivalent to that of the general rate model (GRM) 

hat is the most detailed column model combining the mass trans- 

er in various kinds when D app is calculated reasonably. Due to the 

act that the PbP method was developed by the retention model, 

DM was sophisticated enough to conduct numerical experiments 

ccording to the survey that the ignorance of other mass transfer 

film diffusion, pore diffusion) nearly did not contribute to offset 

f retention [29] . 

As presented in Table 1 , four SMA parameters of numerical 

xperiments were provided from Heymann et al. [18] . Six LGEs 

ere set with different gradient lengths and loadings as shown in 

able 2 . Gradient lengths increased in an exponential way from 8 

o 32 CV. Creasy et al. [25] suggested that the Yamamoto method 

ould only represent the retention when the loading is less than 5–

0% of the column binding capacity. Therefore, the first three LGEs 

or LR1 were set at 5% LF col , while the second three LGEs for LR2

ould be conducted at different loadings from 1 to 10% LF col . 

With the parameters listed in Tables 1 and 2 , elution curves 

re generated, as shown in Fig. 2 . For three LGEs at 5% LF col in

ifferent gradient lengths ( Fig. 2 a–c), it can be seen that c s , R de-

lines steadily from 0.38 to 0.35, then to 0.32 as the gradient 

ength increases from 8 to 16, then to 32 CV. When comparing 

 s , R in the same gradient length but different loadings ( Fig. 2 d 

o a, e to b, c to f), it can be found that c s , R decreases slightly

from 0.40 to 0.38, 0.36 to 0.35, 0.32 to 0.30) as the loading in-

reases. These two trends have been reported by prior research 

ualitatively [ 25 , 44 , 45 ], which can be explained by Eq. (30) from

he viewpoint of mathematics in this study. c s , R is a decreasing 

unction of the gradient length but an increasing function of the 

oading. This formula brings it into correspondence with the qual- 

tative analysis of the effects of loadings and gradient lengths in 

he previous study. No obvious differences are observed between 

he real-world and numerical experiments. 

.1.1. Parameter estimation of numerical experiment 

GH of all experiments is calculated by Eq. (14) , and c s , R is deter- 

ined by the moment analysis [26] . Three LGEs injected with 5% 

F col in different gradient lengths ( Fig. 2 a–c) are used to establish 

he LR1 with GH and c s , R as shown in Fig. 3 a. The point-slope for-

ula is applied to measure the intercepts of three LGEs ( Fig. 2 d–f),

hich are used to build the LR2 as shown in Fig. 3 b. The use of

he point-slope formula leads to a group of parallel lines, which 

ffectively saves the experimental efforts. 

It can be found that there is a significant positive correlation 

etween GH and c s , R . The correlation coefficient is close to 1.00, 

hich means that the derivation and assumption of LR1 are valid 

nder the experimental conditions. In fact, there is an equiva- 
6 
ence formula between Eqs. (18) and (32) , which allows the line in 

ig. 3 to represent the Yamamoto method. That is, the Yamamoto 

ethod is equivalent to the first step of the PbP method (LR1). The 

utcomes of LR2 are presented in Fig. 3 b. A positive correlation is 

iscovered in LR2 with the correlation coefficient of 1.00, which 

ndicates that the linearization of the nonlinear term is tenable for 

he scope of loadings in this picture. 

For the PbP method, three parameters ( ν , k eq , and σ ) can be

stimated by the slopes and intercepts of LR1 and LR2 in Fig. 3 .

is calibrated by Eq. (19) based on the slope of LR1 ( m 1 ). k eq 

s determined by Eq. (22) related to the result of LR1 and the 

ntercept of LR2 ( n 2 ). σ is calculated by Eq. (27) with LR1 and

R2. k kin is figured out by IM with elution curves. For the Ya- 

amoto method, two parameters ( ν and k eq ) are determined by 

qs. (33) and (34) according to the slope and intercept of LR1, re- 

pectively. All of the SMA parameters estimated by the PbP and 

amamoto methods are summarized in Table 4 . 

For the first parameter ν , the calibration of the proposed 

ethod stacks up with the ground truths with the L 2 -error of 

.011. A similar value is obtained by the Yamamoto method. As 

entioned above, the first step of the PbP method (LR1) is equiv- 

lent to the Yamamoto method owing to the consistent function 

etween Eqs. (18) and (32) . 

For the second parameter k eq , the proposed method can al- 

ost precisely retrieve the values of k eq with the L 2 -error of 0.062. 

y contrast, the Yamamoto method leads to an unfavorable L 2 - 

rror of 0.457, which is seven times higher than that of the PbP 

ethod. The results confirm that the main limitation of the Ya- 

amoto method is the paucity of support at high loadings [25] . 

he PbP method can work well at high loadings may be due to the 

ntroduction of the loading term. 

For the third parameter σ , the proposed method shows good 

greement with the L 2 -error of 0.104. Traditionally, it has been ar- 

ued that σ is the most intangible of four parameters. This param- 

ter accounts for the nonlinear part of the isotherm, thereby the 

etermination of σ requires LGEs at high loadings [17] , or some 

dditional breakthrough experiments [46] . 

For the last parameter k kin , it is the only parameter to be calcu- 

ated by IM with elution profiles. An acceptable L 2 -error is 0.032, 

ue to the reasonable estimation of the former three parameters. 

his parameter should be considered in EDM, but it can be elim- 
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Fig. 2. Linear gradient elution curves of numerical experiments (dotted-dashed lines) and model simulation with the PbP method (solid lines). Dashed lines: salt gradients 

at the column outlet. (a) 8 CV gradient and 5% LF col , (b) 16 CV gradient and 5% LF col , (c) 32 CV gradient and 5% LF col , (d) 8 CV gradient and 1% LF col , (e) 16 CV gradient and 

2% LF col , (f) 32 CV gradient and 10% LF col . 

Fig. 3. First linear regression (a) and second linear regression (b) of numerical experiments. Solid line: LGEs with LF col of 5% to estimate ν by LR1; dashed lines: LGEs with 

different loadings to calculate the intercepts by the point-slope formula; dotted lines: LR2 to determine k eq and α. LF col : �: 1%, 	: 2%, ο: 5%, ×: 10%. 
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nated if the column model is the lumped kinetic model (LKM), 

here the mass transfer resistance in the solid phase is limited. 

Above all, the feasibility of one-by-one estimation of the SMA 

arameters is verified. The proposed method is conducive to re- 

ucing the number of parameters with IM as much as possible 

nd enhancing our physical understanding of the SMA parameters. 

lution profiles with the parameters estimated by PbP method are 

ompared in Fig. 2 . The excellent agreement can be found between 

xperiments and model simulations, both in terms of peak height 

nd peak width. The retention predicted by the proposed method 

s slightly earlier than that of numerical experiments, which may 

e accounted for a reduced equilibrium coefficient k eq . To a great 
F

7 
xtent, the elution curve prediction depends on the calibrated pa- 

ameters. 

.1.2. Retention prediction of numerical experiment 

The retention can be calculated directly by the retention model 

f the PbP method rather than complete elution profiles by solving 

he mechanistic models of IEC. That is, Eq. (30) can be employed 

o predict the retention easily by a combination of the operating 

onditions ( GH and c̄ inj ) and the parameters ( ν , k eq and a ). The

ame parameters except for a are used to measure the retention 

y the Yamamoto method with Eq. (35) . The results are shown in 

ig. 4 . 
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Fig. 4. A comparison of the PbP ( 	) and Yamamoto ( ο) method for retention pre- 

diction of numerical experiments. 
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The retentions predicted by the PbP method are in excellent 

greement ( L 2 -error is 0.013) with ground truths in all tested gra- 

ient lengths and loading conditions, although there are some sub- 

le differences. At high loadings, the proposed method can also 

redict consistent retention, owing to the introduction of the load- 

ng term. The slight systematic biases might be related to the ap- 

roach to determining the retention in the present work. The expo- 

entially modified-Gaussian (EMG) functions [47] may be a better 

hoice than the moment analysis [26] . 

However, the Yamamoto method shows a high L 2 -error of 0.124, 

hich predicts obviously later elution. Moreover, the predicted re- 

entions are unaffected by loadings. It is because that the Ya- 

amoto method has no regarding loadings. The disparity becomes 

ore significant with the increase of loadings. Therefore, the Ya- 

amoto method cannot provide an adequate representation of re- 

ention, especially for high loadings. The most likely reason is that 

he simplification condition of Eq. (31) is an infinitesimal loading, 

esulting in the retention prediction with the Yamamoto method is 

nly suitable under diluted conditions. 

The comparison of two approaches reveals that the retention 

rediction with the PbP method is superior to the Yamamoto 

ethod. These disparities can be explained by the formula of 

qs. (30) and (35) . The only difference between two equations is 

hat the ionic capacity of the developed method is always less than 

hat of the Yamamoto method due to the introduction of the load- 

ng term. That is, the ionic capacity of the developed method is 

perating capacity, while that of the Yamamoto method is total ca- 
Fig. 5. Effects of loadings on the estimation of ν (

8 
acity. Under diluted conditions, the operating capacity is equal to 

he total capacity, which means that the Yamamoto method is the 

pecial case of the PbP method when the loading approaches zero. 

he introduction of the loading term can account for the reduction 

f ionic capacity caused by the increase of loadings. The detailed 

mpacts of loadings on these two methods will be discussed in the 

ollowing section. 

.2. Effect of loading on the performance of parameter-by-parameter 

ethod 

There are many assumptions and approximations during the de- 

elopment of the PbP method, especially for loadings, which have 

 substantial impact on the method’s performance. In the above 

ases, the developed method has been verified at specified load- 

ngs. To confirm the feasibility and robustness of the developed 

ethod at different loadings, the effects of loadings would also be 

nvestigated by numerical experiments. In this section, all column- 

pecific and SMA parameters are consistent with those in numer- 

cal experiments, but LF col and the number of LGEs are different. 

he LF col increases from 0.2 to 51.2% taking a power of 2 exponen- 

ially. The column binding capacity of 51.2% is sufficiently repre- 

entative of the upper bound because the classical SMA isotherm 

annot comprehensively represent nonlinear adsorption behavior 

s explained above. At least two different loadings are required in 

he PbP method, while one in the Yamamoto method. Therefore, 

he L 2 -error of the former method is visualized by contour maps, 

hile that of the latter method is represented by line charts. On 

his contour map, the x-axis is the first loading, and the y-axis is 

he second loading. The shape of this map is upper-triangular since 

he two loadings are invertible. 

.2.1. Effect of loading on parameter estimation 

The effects of loadings on the parameter estimation with the 

amamoto method are shown in Fig. 5 . For the parameter ν
 Fig. 5 a), the estimation is approximately equal to the ground 

ruth at different loadings. The results indicate that the Yamamoto 

ethod is suitable to estimate ν precisely over a wide range of 

oadings. For the parameter k eq ( Fig. 5 b), the L 2 -error increases 

apidly from 0.078 to 0.906 with the increase of LF col from 0.2 to 

1.2%. When LF col is less than 0.4%, the L 2 -error can be kept be-

ow 0.100 and the estimation of k eq is reasonable, which corrob- 

rates the findings in the literatures [ 15 , 20 ]. If LF col increases to

.4%, a high L 2 -error beyond 0.5 would be found. A possible ex- 

lanation may be the lack of an adequate term for the description 
a) and k eq (b) with the Yamamoto method. 
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Fig. 6. Effects of loadings on the estimation of k eq (a) and σ (b) with the PbP method. Colormap: visualization of L 2 -error; x-axis: first loading; y-axis: second loading. 

Fig. 7. Effects of loadings on the retention prediction with the Yamamoto (a) and PbP (b) method. Colormap: visualization of L 2 -error; x-axis: first loading; y-axis: second 

loading. 

Fig. 8. Comprehensive effects of loadings on the estimation of both k eq and σ with 

the PbP method. Colormap: visualization of L 2 -error; x-axis: first loading; y-axis: 

second loading. 
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f varying loadings in the Yamamoto method. Additionally, the Ya- 

amoto method comes from the SDM, which cannot be directly 

ransplanted to the nonlinear region of the SMA isotherm. 
9 
The effects of loadings on the parameter estimation with the 

bP method are presented in Fig. 6 . 

For the parameter ν , the derivation and assumption of the PbP 

ethod are similar to the Yamamoto method as previously ex- 

lained, so the effects of loadings on the estimation of ν are same 

s shown in Fig. 5 a. 

For the parameter k eq ( Fig. 6 a), all loadings are literally ful- 

lled with the L 2 -error less than 0.6, while only LF col less than 

.5% roughly are satisfied for the Yamamoto method. The results 

ndicate that the PbP method broadens the application range. It is 

ound that LR2 is tendency to be valid at low loadings correspond- 

ng to the assumption of the retention model in Eq. (8) . 

For the parameter σ ( Fig. 6 b), a high L 2 -error is found at bot-

om left of the contour map ( LF col , 1 and LF col , 2 are less than 1.6%), 

hich means that it is difficult to estimate reasonably the param- 

ter σ at low loadings compared to the above linear parameters 

 ν and k eq ). It is interesting to find that there is a narrow band

 LF col , 1 < 6.4% and 2.0% < LF col , 2 < 20%) on the center of the contour

ap with very low L 2 -error where σ can be estimated precisely. 

his desired loading condition may be the transition region or non- 

inear region of the isotherm. Actually, the parameter σ accounts 

or the nonlinear adsorption. Therefore, the determination of σ
ay require high loadings, which are consistent with literature re- 

orts [15] . On the contrary, a high L 2 -error about 0.6 distributes on 
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Fig. 9. Linear gradient elution curves of real-world experiments (dotted lines) and model simulation with the PbP method (solid lines). Dashed lines: salt gradients at the 

column outlet. Loadings: (a) 4, (b) 10, (c) 20, and (d) 40 g/L of column. 
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he top right, where the loadings are quite high. This discrepancy 

ight be attributed to that the developed retention model cannot 

e valid at high loadings. Therefore, it is important to find an ap- 

ropriate loading to estimate σ as accurately as possible. 

.2.2. Effect of loading on retention prediction 

The results of the effects of loadings on the retention prediction 

re shown in Fig. 7 . 

For the Yamamoto method ( Fig. 7 a), a remarkable increase of 

 

2 -error on the retention prediction is found as the loading in- 

reases. This disagreement between prediction and experiments 

an be explained by a straight transplant from SDM to SMA. The 

amamoto method is better for the SDM calibration rather than 

MA, and it has to be adjusted before being used for SMA. 

For the PbP method ( Fig. 7 b), the retention prediction is quite 

mpressive. In general, the L 2 -error under all conditions are less 
10 
han 0.2, demonstrating that the proposed method has pinpoint ac- 

uracy and high robustness for the retention prediction. An area of 

ery low L 2 -error ( < 0.05) can be found at loading factors less than

2.8%. The proposed method has superior performance in the lin- 

ar region of isotherm, which is due to multiple linear assumptions 

uring the derivation of LR1, LR2 and LA. 

In general, the proposed method in the present work has more 

pplication prospects because it works at both low and high load- 

ngs, while the Yamamoto method cannot be extrapolated to all 

onditions. 

.3. Experiment design for parameter-by-parameter method 

Based on the above analysis, the loading is an important factor 

or the PbP method. The estimation of k eq and σ have different 

equirements for the loading condition. It is necessary to consider 
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Table 5 

SMA parameters of real-world experiments esti- 

mated by the PbP method. 

Parameter Unit Monomer Dimer 

ν† 10.2 14.8 

k eq – 3.48 13.91 

σ – 30.4 62.3 

k kin sM 

ν 2.51E-07 9.67E-10 

L 2 -error – 0.314 

† : Parameters are taken from Reck et al. [40] . 

a

e

a  

o  

t

p

fi

t

k

L

o

p

t

i

t

fi

e

3

t

i

w

t

r

f

w

4

e

c

t

s

m  

h

e

i

4

c

t

m

u  

[

t  

p

e

e

t

L

l

Fig. 10. Second linear regression of monomer ( ο) and dimer ( 	) of mAb. 

Fig. 11. A comparison of retention prediction of monomer ( ο) and dimer ( 	) of 

mAb with the PbP method. 
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n optimal loading to apply the PbP method. Therefore, a total L 2 - 

rror containing the effects of loadings on the estimation of k eq 

nd σ is shown in Fig. 8 , which also means a stacking chart built

n Fig. 6 a and b. This contour map is similar to Fig. 6 b, indicating

hat the loading for determining σ should be considered firstly. 

From this chart, a straightforward experimental strategy is pro- 

osed for better application and generalization of this method with 

ve LGEs as follows: three LGEs in different gradient lengths to es- 

imate ν (fitting to LR1); two LGEs at higher loadings to determine 

 eq and σ (fitting to LR2 and solving LA); elution profiles of five 

GEs to correlate k kin by IM. 

For the first three LGEs, a loading factor less than 3.2% is rec- 

mmended considering the sample consumption in calibration ex- 

eriments and symmetric peaks to the benefit of determining re- 

ention time easily, although LR1 is not limited by the loading. It 

s advisable to conduct at least two LGEs at loadings higher than 

he first three LGEs for LR1 to accurately estimate k eq and σ . The 

rst loading factor is also less than 3.2% but it should be differ- 

nt from the above three LGEs. The second loading is kept above 

.2% but less than 12.8%. If the error of the calculated results is 

iny enough, the calculation will be utilized as a determined value 

nstead of an initial guess of the deterministic algorithm. In this 

ay, the parameters determined by IM will be reduced from four 

o one. Compared to the previous study [15] , the present method 

equires only one additional experiment at high loadings, but all of 

our SMA parameters can be estimated one at a time in sequence 

ith reasonable accuracy. 

.4. Evaluating parameter-by-parameter method by real-world 

xperiment 

In the above sections the PbP method has been successfully 

onfirmed by numerical experiments, a real-world experiment on 

he separation of mAb and dimer was considered further in this 

ection. Four elution profiles taken from Creasy et al. [25] are sum- 

arized in Fig. 9 . Noted that the injection area in Fig. 9 d is little

igher than the integral area of monomer and dimer in gradient 

lution, which means that there were some protein losses in the 

njection phase. 

.4.1. Parameter estimation of real-world experiment 

All computational procedures are similar to those of numeri- 

al experiments. Elution curves approach symmetric and the frac- 

ion data is almost continuous in this case, so c s , R can be deter- 

ined by the peak maximum for simplicity. Note that the val- 

es of monomer ( νM 

= 10.2) and dimer ( νD = 14.8) from Reck et al.

40] were directly adopted in this work. Perfect positive correla- 

ions of LR2 are found as presented in Fig. 10 . All of four estimated

arameters are summarized in Table 5 . In general, the one-by-one 

stimation of the SMA parameters in real-world multi-component 

xperiments is feasible and effective. 

The simulated elution profiles based on the estimated parame- 

ers are compared in Fig. 10 . Overall, a good agreement with the 

 

2 -error of 0.314 is found between experiments and model simu- 

ations. These results are contrary to that of Creasy et al. [25] who 
11 
rgued the SMA model could not accurately predict the elution 

ehavior of monomer and dimer on the same dataset. The cause 

ight be the unreasonable SMA parameters estimated by the Ya- 

amoto method. A smaller k eq in their work would make proteins 

lute earlier. Most importantly, the results of σ produced by IM are 

oughly seven times as those in the present work, making the pre- 

ictions more tailing and highly asymmetrical than experiments. 

he results demonstrate that the PbP method in this work may be 

ore tenable. 

As shown in Fig. 10 , it could be found that the differences 

etween model simulations and experiments become more sig- 

ificant at high loadings, especially for dimer. Although the pre- 

icted retention accords with the experiments, there is a dispar- 

ty in peak shape at loading of 40 g/L column. This discrepancy 

ould be attributed to an oversimplified model. As for the column 

odel, EDM is not sophisticated enough to provide a comprehen- 

ive description of IEC when the mass transfer residence cannot be 

gnorable [29] . Therefore, the transport dispersive model or gen- 

ral rate model may be a better choice for high loadings. As for 

he isotherm model, the classical SMA isotherm may not provide 

n accurate enough description of nonlinear adsorption behavior 

eported by a large number of published studies [ 40 , 4 8 , 4 9 ]. The
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[

odified SMA like self-association SMA [50] or multi-state SMA 

odel [51] may be more appropriate for overloading conditions. 

.4.2. Retention prediction of real-world experiment 

The method as stated in the section of numerical experiments 

s applied in the real-world case as well. An excellent agreement 

 Fig. 11 ) between model predictions and experiments can be found 

ith the L 2 -error of 0.005 at all loadings. The results indicate that 

he developed retention model can provide an adequate represen- 

ation of retention in this case. The imperceptible errors might be 

ue to the determined approach of the retention in this work. The 

uitable methods to calculate retention, including peak maximum, 

oment analysis, EMG functions and so on, will be explored in 

ur further investigation to improve the performance of the PbP 

ethod. 

. Conclusions 

A PbP method was proposed to estimate the SMA parame- 

ers and predict the retention with LGEs of IEC, which is based 

n the linear assumptions and approximate derivations with in- 

epth mechanistic understanding of the chromatographic model. 

umerical experiments of six LGEs with varying gradient lengths 

nd loadings were used firstly to evaluate the feasibility of pa- 

ameter estimation with the proposed method compared to the 

amamoto method. Three parameters ( ν , k eq , and σ ) can be esti- 

ated step-by-step with the proposed method, reducing the num- 

er of undetermined parameters from four to one. In contrast, only 

wo parameters ( ν and k eq ) can be calibrated by the Yamamoto 

ethod. Two methods obtain the same ν , but a significantly dif- 

erent k eq . The proposed method can estimate k eq with high accu- 

acy, whose error is seven times lower than that of the Yamamoto 

ethod. The nonlinear parameter σ can also be calculated with a 

easonable precision directly by elution curves without any addi- 

ional protein breakthrough experiment. As for the retention pre- 

iction, the developed method is suitable in all gradient lengths 

nd loading conditions, while the Yamamoto method can only be 

pplied under diluted conditions. Moreover, the effects of loadings 

n the robustness of two methods for parameter estimation and 

etention prediction were assessed. The results indicated that the 

bP method was more reliable than the Yamamoto method under 

ndiluted conditions. An experiment design strategy based on the 

bove analysis was proposed for more efficient implementation of 

he PbP method. 

In addition, real-world experiments on the separation of mAb 

onomer-dimer mixtures in different gradient lengths and load- 

ng conditions were used to further confirm the feasibility of the 

bP method in multi-component system. The results demonstrated 

hat the PbP method developed in the present work can not only 

eliably estimate the SMA parameters with high precision but also 

ccurately predict retention in both numerical single-component 

nd real-world multi-component experiments. The following stud- 

es would be focused on the applications of the PbP method for 

he modeling and optimization of IEC. 
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