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a b s t r a c t 

Mechanistic models play a crucial role in the process development and optimization of ion-exchange 

chromatography (IEC). Recent researches in steric mass action (SMA) model have heightened the need 

for better estimation of nonlinear parameter, steric shielding factor σ . In this work, a straightforward 

approach combination of simplified linear approximation (SLA) and inverse method (IM) was proposed 

to initialize and further determine σ , respectively. An existed, unique, and positive σ can be derived 

from SLA. Compared with linear approximation (LA) developed in our previous study, σ of the multi- 

component system can be calculated easily without solving the complex system of linear equations, 

leading to a time complexity reduction from O ( n 3 ) to O (n ) . The proposed method was verified first in 

numerical experiments about the separation of three charge variants. The calculated σ was more reason- 

able than that of LA, and the error of elution profiles with the parameters estimated by SLA + IM was only 

one-sixth of that by LA in numerical experiments. Moreover, the error accumulation effect could also be 

reduced. The proposed method was further confirmed in real-world experiments about the separation 

of monomer-dimer mixtures of monoclonal antibody. The results gave a lower error and better physical 

understanding compared to LA. In conclusion, SLA + IM developed in the present work provides a novel 

and straightforward way to determine σ . This simplification would help to save the effort of calibration 

experiments and accelerate the process development for the multi-component IEC separation. 

© 2022 Elsevier B.V. All rights reserved. 
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. Introduction 

Computer-aided process development shows promising applica- 

ions in the downstream processing of biopharmaceuticals [ 1 , 2 ]. 

hese approaches are capable of saving lots of materials, man- 

ower, and costs compared to the traditional trial-and-error meth- 

ds [3] . For protein separation with ion-exchange chromatography 

IEC), mechanistic models are becoming preferable and popular be- 

ause of their in-depth physical interpretation and excellent inter- 

olation [4–6] . 

The essential core of IEC process modeling is the isotherm 

odel [6] . The stoichiometric displacement model (SDM) based 

n the law of mass action is one of the most popular isotherm 

odels [7] . However, this model can only be used under diluted 

onditions [8] . To better describe the isotherm, a nonlinear pa- 

ameter named shielding factor σ was introduced by Brooks and 

ramer [9] who considered the steric hindrance of bound protein 
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n the salt counter-ion binding. This well-established modification 

as named as steric mass action (SMA) model, which can account 

or both the salt dependence of protein adsorption and the steric 

indrance under nonlinear conditions [10] . The magnitude of σ is 

ominated by the size exclusion effects and molecular weight [11] . 

n addition to steric hindrance, σ is affected by the lateral protein- 

rotein interaction at high loadings [12] , as well as the repulsive 

ffect caused by ligand-protein interactions [13] . In general, σ is 

mportant for the SMA model. However, its estimation is a chal- 

enging task [14] . 

Batch adsorption experiments are the most direct and frequent 

ethod to estimate σ , but this off-column method is a labor- 

ntensive and cumbersome procedure that requires adequate quan- 

ities of pure target protein and impurities [15] . At high loadings or 

nder overload conditions, estimating σ of individual specie sepa- 

ately cannot be transplanted into the complex multi-component 

ystem because σ is an interactive parameter that will change 

ith the existence of other proteins. On the contrary, column 

xperiments are able to reduce calibration experimental efforts, 

hich can be classified into two groups: breakthrough experi- 

https://doi.org/10.1016/j.chroma.2022.463655
http://www.ScienceDirect.com
http://www.elsevier.com/locate/chroma
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chroma.2022.463655&domain=pdf
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ents [ 9 , 14 , 16 , 17 ], and linear gradient elution experiments (LGEs)

 18 , 19 ]. Osberghaus et al. [14] investigated two breakthrough ex- 

eriment strategies for estimating σ , and found that the numerous 

ure components were required still. Conversely, Rischawy et al. 

20] used the inverse method (IM) to obtain σ by LGE profiles at 

igh loadings in a multi-component system, and it was found that 

ewer experiments were required compared to the breakthrough 

xperiment method. IM is a time-consuming iterative procedure 

ncluding heuristic algorithm for researching the initial guess and 

eterministic algorithm for figuring out the determined value [21] . 

nother significant limitation of IM is the inability to avoid multi- 

le solutions of σ . Thus, it is difficult to obtain a physically mean- 

ngful result [22] . 

To solve the above problems, the parameter-by-parameter (PbP) 

ethod was developed by our group [19] from a SMA model-based 

etention model. The PbP method consists of four steps, where four 

MA parameters with in-depth physical understanding can be esti- 

ated one-at-a-time. σ can be calibrated in the third step named 

s the linear approximation (LA), which is significantly different 

rom the above literature methods. Without any iteration, includ- 

ng heuristic and deterministic algorithms, a reasonable and phys- 

cally meaningful σ can be obtained directly based on several LGE 

rofiles. However, it was observed that the use of LA is limited 

y many conditions and cannot provide a one-size-fits-all solution. 

irstly, it is necessary to solve a complex system of linear equa- 

ions. Sometimes it is in multi-component systems that the linear 

ystem has no solution, leading to the failure of LA. Secondly, even 

hough the linear system has solution, the computational effort of 

btaining the coefficient matrix and solving the linear system in- 

reases steeply for the multi-component system. Thirdly, it is criti- 

al that LA cannot provide a positive and reasonable shielding fac- 

or sometimes. In fact, σ that accounts for the number of bind- 

ng sites on the adsorbent surface shielded by steric mass action 

hould be positive [ 9 , 17 ]. The unacceptable results may be because

he loadings of calibration experiments are beyond the establish- 

ent scope of LA. A promising solution is to introduce IM for fur- 

her improvement, which means σ would be initialized first and 

hen determined by IM. Similar approaches have been reported to 

etermine isotherm parameters. For example, Saleh et al. [18] de- 

eloped a straightforward approach to calculate the initial guess of 

inear SMA parameters that was regarded as the input of IM. The 

ikely method has been modified by Shekhawat et al. [15] for esti- 

ating the initial inputs of extended Langmuir isotherm parame- 

ers. Therefore, a better choice is to develop a new method which 

s valid for the multi-component system. 

Based on the above analysis, a simplified linear approximation 

SLA) coupled with IM would be developed in this work. σ would 

e initialized by SLA without solving any linear system and fur- 

her estimated by IM, named as SLA + IM. In our previous work, it 

as found that there were some special elements in the coefficient 

atrix of LA linear system, which could be neglected in ideal situ- 

tions. Based on this assumption, the LA coefficient matrix would 

e simplified to a diagonal matrix of SLA, which means SLA can be 

asily calculated. Then, the reasonable and physically meaning σ
etermined by SLA would be verified from the view of mathemat- 

cs. To evaluate the feasibility and effectiveness of SLA + IM, a se- 

ies of numerical experiments about three charge variants as well 

s real-world experiments about the separation of monomer-dimer 

ixtures of monoclonal antibodies (mAbs) would be conducted. 

. Materials and methods 

.1. Mechanistic model 

The detailed description of the mechanistic model used in this 

ork can be found in our previous study [19] . Here, only a neces-

ary overview is highlighted. 
2 
.1.1. Equilibrium dispersive model 

The equilibrium dispersive model (EDM) is given by: 

∂c i 
∂t 

( z, t ) = − u 

ε t 

∂c i 
∂z 

( z, t ) + D app 
∂ 2 c i 
∂z 2 

( z, t ) − 1 − ε t 
ε t 

∂q i 
∂t 

( z, t ) (1) 

here c i and q i denote the mobile-phase and stationery-phase 

oncentration of component i (mol/L), respectively. u represents 

he superficial velocity of liquid phase (m/s). ε t indicates the total 

orosity. z and t are the axial position (m) and time (s), respec- 

ively. D app is the apparent axial dispersion coefficient (m 

2 /s). 

Initial conditions: 

 inj ,i 

(
t inj 

)
= 

{
c inj x i 0 < t ≤ t inj 

0 t > t inj 

(2) 

here c inj and t inj are the injection concentration (mol/L) and time 

s), respectively. c inj ,i and x i are the injection concentration (mol/L) 

nd the mole fraction of protein i , respectively. 

Boundary conditions: 

 app 
∂c i 
∂z 

( 0 , t ) = 

u 

ε t 

[
c i ( 0 , t ) − c inj ,i ( t ) 

]
(3) 

 app 
∂c i 
∂z 

( L, t ) = 0 (4) 

here L represents column length (m). 

.1.2. Steric mass action model 

The kinetic SMA model is given by: 

 kin ,i ·
∂q i 
∂t 

( z, t ) = k eq ,i 

[ 

� −
n ∑ 

j=1 

(
ν j + σ j 

)
· q j ( z, t ) 

] νi 

· c i ( z, t ) 

−q i ( z, t ) · c νi 
s ( z, t ) (5) 

 s ( z, t ) = � −
n ∑ 

j=1 

ν j · q j ( z, t ) (6) 

here k kin ,i , k eq ,i , νi , and σi are the kinetic coefficient, equilibrium 

oefficient, characteristic charge, and shielding factor of protein i , 

espectively. � represents the total ion-exchange capacity for bind- 

ng (mol/L). c s and q s are the mobile-phase and stationery-phase 

oncentration of salt (mol/L), respectively. n is the total number of 

omponents. 

To solve the above mechanistic model, an efficient numerical 

ethod named the discontinuous Galerkin finite element method 

 23 , 24 ] was implemented by Python 3.10 with the open source 

ools, including NumPy [25] , SciPy [26] , scikit-opt, and Matplotlib 

27] . 

.2. Model calibration 

Firstly, ν and k eq are estimated by first linear regression (LR1) 

nd second linear regression (LR2) of the PbP method proposed in 

he previous work [19] , respectively. Then, SLA developed in this 

ork is used to determine the initial guess of σ for replacement of 

A. Finally, the initialized σ and k kin initialized by the traditional 

euristic algorithm, would be applied as the input of determinis- 

ic algorithm for further estimation. The new PbP method coupled 

ith SLA is shown in Fig. 1 . 

.3. Numerical experiment 

A series of numerical experiments with three charge variants 

ere conducted. All parameters of column geometry, operating 

onditions, and mass transport, as well as the loading, eluting, 

nd washing phases were consistent with our previous study [19] . 
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Fig. 1. Scheme of parameter-by-parameter method coupled with SLA. LGEs: linear gradient elution experiments. 

Table 1 

Binding parameters of proteins estimated by different methods in numerical experiments. 

Parameter Unit Set values LA SLA + IM 

ν – [6.00, 7.00, 8.00] [6.01, 7.06, 8.07] 

k eq – [0.100, 0.200, 0.400] [0.092, 0.180, 0.363] 

σ – [51.0, 50.0, 49.0] [133.5, 88.8, 65.6] [44.7, 43.1, 38.5] 

k kin sM 

ν [0.100, 0.100, 0.100] [0.176, 0.118, 0.086] [0.100, 0.097, 0.101] 

L 2 -error – – 0.344 0.059 
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t  
he binding parameters of proteins have been modified as demon- 

trated in Table 1 . There are six LGEs in this study, including three

n different gradient lengths for fitting to LR1 and another three at 

ifferent loadings for fitting to LR2. 

The ratio of the injected amount c̄ inj = c inj · u · t inj /L to the satu-

ated adsorption capacity q max is defined as the loading factor as: 

F = 

c̄ inj 

q max 
. (7) 

For multi-component systems with the SMA model, it is as- 

umed that x i , q max , j , and the sum of ν and σ of individual com-

onents are identical based on a monomeric assumption [ 20 , 28 ]. 

hen, LF can be derived as: 

F = 

c̄ inj 

nq max , j 

= 

ν + σ

nq max , j ( ν + σ ) 
c̄ inj 

= 

ν + σ∑ n 
j=1 

(
ν j + σ j 

)
q max , j 

c̄ inj = 

ν + σ

�
c̄ inj (8) 
3 
here note that in numerical experiments LF col = LF /ε t is em- 

loyed. 

.4. Real-world experiments 

The real-world experimental data from Reck et al. [29] and 

reasy et al. [30] used in our previous paper [19] about the sep- 

ration of mAb monomer-dimer mixtures were also applied in this 

ork. 

. Results and discussion 

.1. Development of simplified linear approximation 

To estimate σ by LA in our previous work [19] , it is assumed 

hat the coefficient matrix K is invertible and positive-definite so 

hat the below linear system can be solved. In fact, K is not always
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Fig. 2. A comparison between SLA and LA for estimating σ in three aspects. 
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ositive-definite, in which the linear system cannot be solved. 
 

 

k 11 · · · k 1 n 
. . . 

. . . 
. . . 

k n 1 · · · k nn 

⎤ 

⎦ 

⎡ 

⎣ 

ν1 + σ1 

. . . 
νn + σn 

⎤ 

⎦ = 

⎡ 

⎣ 

a 1 
. . . 

a n 

⎤ 

⎦ . (9) 

The necessary and sufficient condition to ensure the existence 

f solution of Eq. (9) is the nonzero determinant of K ( det (K ) � = 0),

hich can be derived using k i j = k eq , j · ( �
c s , R ,i 

) 
ν j · c i j 

c̄ inj 
as: 

et ( K ) = 

n ∏ 

j 

k eq , j · �ν j 

c̄ inj 

· det 

⎡ 

⎢ ⎣ 

c 11 c 
−ν1 

s , R , 1 
· · · c 1 n c 

−νn 

s , R , 1 

. . . 
. . . 

. . . 

c n 1 c 
−ν1 

s , R ,n 
· · · c nn c 

−νn 

s , R ,n 

⎤ 

⎥ ⎦ 

(10) 

here c i j and c s , R ,i represent the mobile-phase concentration of 

omponent j and salt concentration at the retention time of pro- 

ein i , respectively. To our knowledge, the first term 

n ∏ 

j 

k eq , j ·�
ν j 

c̄ inj 
> 0, 

ut the second term is not always nonzero. That is to say, it is 

uestionable whether the LA solution exists. Moreover, although 

he LA linear system has a unique solution, it is still cumbersome 

o solve owing to the common shape of K , especially when the 

umber of components increases for the complex separation sys- 

em. 

In addition, all calculated σ should be positive as previously 

tated. Given the element k −1 
i j 

in K 

−1 and using Eq. (9) , the below

ormula can be obtained as: 

i = 

n ∑ 

j=1 

k −1 
i j 

a j − νi > 0 . (11) 

For the complex multi-component separation system, it is hard 

o utilize Eq. (11) as a preliminary analysis of the signature of σ . To

nsure σ positive, many Eq. (11) should be satisfied, and the num- 

er of equations is equal to the number of components. Based on 
4 
ur previous work, sometimes σ of partial proteins estimated by 

A were negative unexpectedly. In this situation, the above con- 

traint conditions could not be valid, which runs counter to the 

hysical understanding of σ . 

To address the above problems, LA was simplified to SLA. Under 

he assumption that the concentrations of other proteins c i j ( i � = j)

t the retention time of protein i tend to zero, k i j can be reduced 

s: 

 ii = k eq ,i ·
(

�

c s , R ,i 

)νi 

· c ii 
c̄ inj 

. (12) 

Therefore, K can be rewritten as: 
 

 

k 11 

. . . 

k nn 

⎤ 

⎦ . (13) 

The shape of K leads to a diagonal linear system. det (K ) = 

 n 
i k ii > 0 is always established so K is positive-definite. Thereby 

he linear system has a unique solution and can be easily calcu- 

ated as: 

i = 

a i 
k ii 

− νi = 

a i 
k eq ,i 

c̄ inj 

c ii 

(
c s , R ,i 
�

)νi 

− νi . (14) 

It is a simple formula and provides an alternative way to esti- 

ate σ without solving the complex linear system and to keep σ
reater than zero. Notably, SLA is equivalent to LA for the single- 

omponent system because there is only one element in K . The 

omparison between SLA and LA is shown in Fig. 2 . 

In computer science, the time complexity of algorithm is a good 

ay to measure the efficiency of algorithm. For a mixture system 

ith n components using Gauss elimination method that is a clas- 

ical method, and the time complexity of obtaining k ij and solving 

q. (9) of LA are O ( n 2 ) and O ( n 3 ) , respectively. Thereby the total

ime complexity of LA is O ( n 3 ) , which equals the time complexity 
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Fig. 3. Time complexity of different methods for estimating σ . O ( n 3 ) : LA solved 

by Gauss elimination method, O ( n 2 . 331645 ) : LA solved by Peng and Vempala 

[31] method, and O (n ) : SLA by straightforward calculation. 
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Fig. 4. First linear regression (a) and second linear regression (b) of numerical ex- 

periments. �: Acidic, � : Main, ×: Basic variants. 
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T

f solving the linear system. To our knowledge, the fastest method 

o solve the linear system in the world was developed by Peng and 

empala [31] with O ( n 2 . 331645 ) . However, the time complexity of 

alculating Eq. (14) of SLA is only O (n ) , which means the running

ime would increase linearly with the growth of n . Here, aiming 

t the estimation of σ , the time complexity reduces to O (n ) with-

ut solving any linear system. The time complexity of the above 

ethods can be compared in Fig. 3 . In practical, the most com- 

on situation is that a chromatographic consists of at least three 

omponents, in which SLA is 27 times faster than LA with Gauss 

limination method to calculate σ . 

.2. Numerical experiments 

The proposed SLA method is validated in numerical experi- 

ents. Here, three-component numerical experiments were de- 

igned. All components in the chromatographic separation can be 

ivided into three groups based on to their adsorptivity: weakly 

dsorbed component, target product, and strongly adsorbed com- 

onent [32] , which are also known as acidic, main, basic vari- 

nts in cation exchange chromatography. Therefore, three species 

re simulated in numerical experiments for simplicity. Regarding 

he SMA model parameters, it is commonly thought that charge 

ariants have significantly different ν and k eq affecting the re- 

ention time owing to their intrinsic physicochemical properties, 

hile their σ are similar because of similar molecular weights 

 11 , 20 , 28 , 33 ]. To satisfy the calculation of Eq. (8) as previously

xplained, a relationship between ν and σ was considered as 

Acidic + σAcidic = νMain + σMain = νBasic + σBasic , resulting in the val- 

es of σ as listed in Table 1 . k kin of all variants are kept identical

ecause the method presented in this work was developed from 

he retention model that is not disturbed by k kin . All calculations 

bout the retention time are carried out by the moment analysis 

34] , including c s , R , c i j , and k i j . 

.2.1. Estimation of characteristic charge and equilibrium coefficient 

As published in the previous paper, LR1 is calculated by c s , R and 

H of the elution profiles in different gradient lengths, as shown 

n Fig. 4 a. The correlation coefficients of all variants are approxi- 

ately 1.00. Afterwards, ν of all three components can be figured 

ut as listed in Table 1 . 
5

The above estimated ν are used to measure the intercepts 

f three LGEs at varying loadings by the point-slope formula. 

hen, LR2 can be figured out by the above ν and intercepts as 

hown in Fig. 4 b. Significant positive correlations are found be- 

ween 10 −n 1 ,i ·ν−1 
i ( νi + 1 ) −ν−1 

i and c̄ inj for all variants. The high R 

2 

ndicates that LR2 of the PbP method can work well for the multi- 

omponent experiment. Then the slopes and intercepts of LR2 can 

e applied to determine a and k eq , and the results are listed in

able 1 . 
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Fig. 5. Coefficient matrix K with LF col of 1%, 2%, 5%, and 10% from top to bottom 

of numerical experiments. Black in K : k i j ( i = j) for SLA of PbP method; gray in K : 

additional k i j ( i � = j) for LA of PbP method. 
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.2.2. Estimation of shielding factor and kinetic coefficient 

1) LA for shielding factor 

For comparison, the LA calculation is performed firstly. An ex- 

ctly computed K that consists of the black ( i = j) and gray ( i � = j)

lements is shown in Fig. 5 . It can be found that all elements in K

re nonzero and they should be calculated exactly. Moreover, K has 

o distinguishing feature in shape, like an upper/lower triangular 

r diagonal matrix. Therefore, the linear system cannot be easily 

esolved. The computational effort of obtaining all elements in K 

nd solving the linear system surges steeply when the number of 

omponents increases. Although the above analysis raises the ques- 

ion whether the LA linear system has a unique solution, it can still 

e solved in this case. 

σ can be obtained after solving the linear system of all four cal- 

bration experiments with great effort. An unexcepted result with 

egative σ would be found at 10% LF col , which should be positive 

ccording to previous analysis. So, this result is excluded from the 

alculation of mean σ , leading to σAcidic = 133.5, σMain = 88.8, and 

Basic = 65.6. Although the quantitative association of estimated σ
f three variants is established, all of them are greater than the 

round truths ( σAcidic = 51.0, σMain = 50.0, and σBasic = 49.0), espe- 

ially for the acidic variant. It is obvious that the error of σAcidic is 

nacceptable. The undesirable outcomes could be attributed to the 

estrictive conditions of using LA. In general, these strict conditions 

ay hinder the application and generalization of the PbP method 

oupled with LA. 

k kin is then estimated by IM with elution profiles, whose ini- 

ial guesses range from 1.0E-06 to 10.0 for all three variants. The 

bjective function of the optimization problem is defined as: 

in 

k kin 

J ( c h ; k kin ) : min 

k kin 

m ∑ 

j=1 

n ∑ 

i =1 

‖ c i − c h,i 

(
z, t; k kin ,i 

)‖ 

2 
L 2 

‖ c i ‖ 

2 
L 2 

(15) 

here m is the total number of LGEs. 

After solving the optimization problem with three hundred 

valuations (200 for the heuristic algorithm and 100 for the de- 

erministic algorithm), k kin of acidic, main, and basic variant are 

btained as 0.176, 0.118, and 0.086, respectively. It can be seen that 

he error of k kin , acidic is unanticipatedly high. This disparity may 

e due to the error accumulation effect (the unreasonable σAcidic ), 

hich means the error of former step would accumulate to the lat- 

er one because all parameters are determined in sequence for the 

bP method. 

Using the above estimated SMA model parameters, the elu- 

ion curves can be simulated as shown in Fig. 6 . The agreement 

etween experiments and model simulations is calculated by L 2 - 

rror, which is 0.334 in this case. A remarkable difference can be 
6 
ound in that the simulated peak heights of all three variants are 

bviously lower than those of experiments (solid lines) under all 

ix conditions. For the kinetic SMA formalism used in the present 

ork, the peak height of individual component is dominated by σ
nd k kin [35] . A lower simulated peak indicates that the calibrated 

 kin or σ are unrealistically higher than the ground truths. Further- 

ore, this unreality of k kin may be caused by the undesirable σ
onsidering the error accumulation effect. It should be noted that 

he agreement becomes worse with the increase of loading, which 

s mainly attributed to the unreasonable nonlinear parameter σ . 

To enhance the fitting degree of elution curves and reduce L 2 - 

rror, it is worthwhile to consider the value of σ with LA as the 

nitial guess for IM rather than the determined value. Obviously, it 

s not necessary to compute the initial guess exactly by solving the 

omplex linear system as mentioned above. Therefore, a straight- 

orward method named as SLA was developed to determine the 

nitial guess of σ . 

2) SLA + IM for shielding factor 

Different from the above method based on LA, σ in this part 

ould be initialized by SLA and further estimated by IM. Initial 

uesses of k kin were also determined by the heuristic algorithm 

fter 200 iterations with the range from 1.0E-06 to 10.0. The ob- 

ective function is rewritten as: 

min 

 kin ,σ
J 
(
c h,i ; k kin , σ

)
: min 

k kin ,σ

m ∑ 

j=1 

n ∑ 

i =1 

‖ c i − c h,i 

(
z, t; k kin ,i , σi 

)‖ 

2 
L 2 

‖ c i ‖ 

2 
L 2 

. (16) 

The optimal σ and k kin would be found by solving the above 

ptimization problem using the deterministic algorithm after 100 

terations with elution profiles simultaneously as shown in Fig. 1 . 

K of SLA calculated by Eq. (12) is shown as the black ones in

ig. 5 , which are much greater than those of LA (gray ones in 

ig. 5 ) in the same row. The results are logical and support the 

revious assumption on the derivation of SLA in Eq. (12) , under 

hich k i j of LA ( i � = j, gray one in Fig. 5 ) is small enough to be

eglectable and the computational effort of K can be reduced, es- 

ecially for the multi-component system. Owing to the diagonal 

hape of K , σ can be directly estimated by Eq. (14) and a of LR2

ithout solving the complex linear system of Eq. (9) . The mean 

hielding factors are σAcidic = 120.9, σMain = 106.2, and σBasic = 88.5. 

It is interesting to find that the quantitative relationship of σ of 

hree variants is still established due to the reasonable derivation 

f SLA, but all of them are greater than ground truths. The results 

ndicate that all σ determined by SLA close to those produced by 

A. Most importantly, the recalibrated σ are positive compared to 

A in all six conditions, which is in accordance with its physical 

nterpretation. 

The above comparison between SLA and LA reveals that there 

s no significant difference between these two methods for the 

stimation of σ if considering SLA as an approximation and 

implification of LA and using the SLA output as the input of 

eterministic algorithm. However, the computational procedure, 

he strict conditions, and the sign of solution are strikingly dis- 

inct. As an appropriate simplification of LA, the SLA result may 

ot be accurate enough to be a determined value of the SMA 

odel. It is worthwhile to have the SLA output as the in- 

ut of the deterministic algorithm to further enhance it. After 

hat, four estimated parameters are obtained finally as listed in 

able 1 . 

For the parameter σ , σAcidic (44.7) > σMain (43.1) > σBasic (38.5). It 

eans that σ estimated by SLA + IM can reproduce the tiny 

eviation of designed σ , σAcidic (51.0) > σMain (50.0) > σBasic (49.0). 

he SLA + IM results are closely related to the ground truths, 

hich are more reasonable than the determined values estimated 

y LA. 
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Fig. 6. Linear gradient elution curves of numerical experiments (solid lines) and model simulation using PbP method coupled with LA (dotted-dashed lines). Dashed lines: 

salt gradients at column outlet. (a) 5% LF col and 8 CV gradient, (b) 5% LF col and 16 CV gradient, (c) 5% LF col and 32 CV gradient, (d) 1% LF col and 8 CV gradient, (e) 2% LF col 

and 16 CV gradient, (f) 10% LF col and 32 CV gradient. 

Fig. 7. Linear gradient elution curves of numerical experiments (solid lines) and model simulation using PbP method coupled with SLA + IM (dotted-dashed lines). Dashed 

lines: salt gradients at column outlet. (a) 5% LF col and 8 CV gradient, (b) 5% LF col and 16 CV gradient, (c) 5% LF col and 32 CV gradient, (d) 1% LF col and 8 CV gradient, (e) 2% 

LF col and 16 CV gradient, (f) 10% LF col and 32 CV gradient. 

7 
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Fig. 8. Linear gradient elution curves of real-world experiments (solid lines) and model simulation using PbP method coupled with SLA + IM (dotted-dashed lines). Dashed 

lines: salt gradients at column outlet. Loadings: (a) 4, (b) 10, (c) 20 and (d) 40 g/L column. The subfigures at upper left corner show the sample flow through. 
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For the parameter k kin , it could be found that the results almost 

onverge to the ground truths due to the reasonable σ and the 

eduction of the error accumulation effect as previously discussed. 

The elution curves simulated by the above calibrated parame- 

ers are shown in Fig. 7 . SLA + IM achieves a satisfactory agreement

ith the L 2 -error of 0.059 compared to LA (0.344). All the sim- 

lated elution profiles almost stack up with the experiments due 

o the rational parameter estimation. The simulated peak heights 

f all three variants are in agreement with the experiment (solid 

ines), which confirms the previous discussion that better estima- 

ion of σ and k kin are very important and can significantly improve 

he fitting result. 

.3. Real-world experiments 

The proposed method was challenged in real-world experi- 

ents on the separation of mAb monomer-dimer mixtures. 

To justify the assumption of SLA in this real-world case, the full 

 of four LGEs for estimating σ were calculated firstly as: 

6 . 468 0 . 042 

0 . 003 0 . 847 

] [
7 . 371 0 . 421 

0 . 031 0 . 641 

] [
10 . 329 0 . 765 

0 . 029 0 . 877 

] [
27 . 043 4 . 988 

0 . 020 1 . 224 

]
(17) 
8 
here the loading increases from 4 to 40 g/L column. The re- 

ults verify the assumption that the diagonal element of K is much 

reater than other elements in the same row. Based on these di- 

gonal elements, initial guesses of σ ( σM 

= 24.6 and σD = 82.0) can 

e easily figured out by Eq. (14) without solving any linear system, 

hich are applied as the input of IM for further estimation. 

After solving the same optimization problem defined in 

q. (16) with initial guesses estimated by SLA, σM 

= 22.9 and 

D = 45.9 are obtained. It is interesting to find that νM 

+ σM 

is 

early one half of νD + σD , which is in accordance with the phys- 

cal interpretation of this nonlinear parameter [ 9 , 17 ]. It is com-

only thought that steric hindrance is associated with size exclu- 

ion effects and molecular weight [11] . In this case, M r , M 

(150 kDa) 

s roughly one half of M r , D (300 kDa), which reflects the relation- 

hip between νM 

+ σM 

and νD + σD because of the in-depth physi- 

al understanding and reasonable development of SLA. This two- 

old relationship is the basic assumption of the self-association 

SAS) isotherm, which is an extended SMA model with consider- 

tion of the dimerization of monomer protein [ 36 , 37 ]. Compared 

ith the results of LA ( σM 

= 30.4 and σD = 62.3 published in [19] ),

he parameters determined by SLA + IM decrease by the same pro- 

ortion. 

Based on the ν and k eq presented in our previous study 

19] and the above estimated parameters ( σ and k kin ), the elution 
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Table 2 

L 2 -error calculated by different methods in real-world experiments. 

Loading (g/L column) 

LA SLA + IM 

Monomer Dimer Monomer Dimer 

4 0.344 0.277 0.242 0.241 

10 0.221 0.317 0.129 0.230 

20 0.198 0.231 0.093 0.149 

40 0.365 0.465 0.462 0.388 
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urves can be generated as shown in Fig. 8 . The L 2 -error is reduced

rom 0.314 (LA published in [19] ) to 0.270 (SLA + IM). The nonig-

orable error could be found for the loading of 40 g/L column as 

hown in Fig. 8 d and Table 2 . In this panel, the total simulated

ntegral area of dimer is greatly less than that of measurement, 

hich means some proteins flow through the column and are lost 

uring the injection phase as shown in Fig. 8 d. The saturated ad- 

orption capacity of the SMA model is characterized by ν and σ si- 

ultaneously. σ has a dominant effect because σ is generally sev- 

ral times higher than ν . The higher σ , the greater the excessive 

rotein losses. So, lower σ with SLA + IM ( σM 

= 22.9 and σD = 45.9)

re more reasonable than those with LA ( σM 

= 30.4 and σD = 62.3). 

he excessive protein loss phenomenon means the experiment in 

ig. 8 d was conducted under overloading conditions, which can- 

ot be comprehensively characterized by the classical SMA model 

 29 , 38 ]. Therefore, the agreement becomes worse with the loading 

ncreases, and the modified SMA model may tackle this problem 

 36 , 39 , 40 ]. 

In summary, the SLA outcome regarded as the input of IM pro- 

ides a new strategy to obtain the initial guess of σ . In this way,

he cost for searching the initial guess of σ can be reduced without 

olving a complex linear system by programming as LA, which can 

ccelerate the model calibration process. σ initialized by SLA can 

rovide a comprehensive physical cognizance of model parameters 

nd avoid the multiple solutions known as the ill-posed problem. 

ost importantly, the above method would give an existed, unique, 

nd positive solution of σ . On the other hand, the modified opti- 

ization problem of SLA causes an increase in the number of pa- 

ameters determined by IM compared to LA. Although the modifi- 

ation will improve the fitting degree, it may cause the overfitting 

roblem [41] , which means that the model is accurately calibrated 

ut just for the calibration experiments. 

. Conclusion 

A straightforward approach (SLA + IM) to determine σ of the 

MA model was proposed in this work for the multi-component 

EC separation. Based on the reasonable assumption, SLA was de- 

eloped from LA of the PbP method in our previous study. It 

as confirmed that the SLA solution was always existed, unique 

nd positive, and the diagonal shape of K of SLA made σ cal- 

ulated easily without solving the complex linear system com- 

ared to LA, leading to a time complexity reduction from O ( n 3 ) to

 (n ) . 

A series of numerical experiments about three charge variants 

as conducted to assess the performance of LA and SLA + IM. For 

oth two approaches, the estimation of ν and k eq are identical, 

hich can be implemented by LR1 and LR2 of the PbP method, re- 

pectively. After calculating K and solving the complex linear sys- 

em programmatically, LA returned a disappointing result that σ
nd k kin were unrealistically higher than the ground truths. This 

nreality made the error of σ further accumulate to the next 

tep for estimating k kin . Additionally, a negative σ was found at 

igh loadings, which contradicted with its physical cognizance. For 

LA + IM, the initial guess of σ can be easily obtained without solv- 
9

ng the complex linear system. The calculated σ was more rea- 

onable than that with LA. The error of σ was only one-sixth 

f that of LA, so the error accumulation from σ to k kin was re- 

uced. Furthermore, SLA + IM was confirmed in real-world experi- 

ents about the separation of mAb monomer-dimer mixtures. The 

esults showed that the proposed method can be easily applied 

n a real-world case with better physically meaningful model pa- 

ameters. This simplification of the estimation σ would help to 

ave the cost of calibration experiments and accelerate the process 

evelopment of multi-component systems, which is certainly use- 

ul to generalize and popularize the PbP method. Further research 

ill focus on the applications of new PbP method coupled with 

LA + IM for the separation and purification of complex protein 

ixtures. 
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