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A B S T R A C T   

Hydrophobic interaction chromatography (HIC) is used as a critical polishing step in the downstream processing 
of biopharmaceuticals. Normally the process development of HIC is a cumbersome and time-consuming task, and 
the mechanical models can provide a powerful tool to characterize the process, assist process design and 
accelerate process development. However, the current estimation of model parameters relies on the inverse 
method, which lacks an efficient and logical parameter estimation strategy. In this study, a parameter-by- 
parameter (PbP) method based on the theoretical derivation and simplifying assumptions was proposed to es
timate the Mollerup isotherm parameters for HIC. The method involves three key steps: (1) linear regression (LR) 
to estimate the salt-protein interaction parameter and the equilibrium constant; (2) linear approximation (LA) to 
estimate the stoichiometric parameter and the maximum binding capacity; and (3) inverse method to estimate 
the protein-protein interaction parameter and the kinetic coefficient. The results indicated that the LR step 
should be used for dilution condition (loading factor below 5%), while the LA step should be conducted when the 
isotherm is in the transition or nonlinear regions. Six numerical experiments were conducted to implement the 
PbP method. The results demonstrated that the PbP method developed allows for the systematic estimation of 
HIC parameters one-by-one, effectively reducing the number of parameters required for inverse method esti
mation from six to two. This helps prevent non-identifiability of structural parameters. The feasibility of the PbP- 
HIC method was further validated by real-world experiments. Moreover, the PbP method enhances the mech
anistic understanding of adsorption behavior of HIC and shows a promising application to other stoichiometric 
displacement model-derived isotherms.   

1. Introduction 

Chromatography stands as the important method for downstream 
processing of biopharmaceuticals. Among them, hydrophobic interac
tion chromatography (HIC) is normally used as a polishing step [1–4], 
known by its excellent capability to remove aggregates [1,5]. Conven
tional downstream process development and optimization are charac
terized by their lengthy and costly nature, heavy reliance on the 
experimentation [6]. In contrast, mechanistic modeling of chromato
graphic processes rooted in physicochemical principles has been used to 
assist the process development, such as ion exchange chromatography 
(IEC) and HIC [4,7,8]. This approach allows for the rational character
ization of chromatographic processes [9,10], optimization of operation 
conditions [11,12] and facilitates the identification of experimental 
deviations attributed to process variations [13]. Notably, the increasing 

popularity of model-based tools paves the way for the development of 
digital twins in the biopharmaceuticals production process [14,15]. 

Adsorption isotherm models based on the stoichiometric displace
ment have been widely used in chromatographic processes such as IEC 
and HIC [4,7]. A representation of the salt-dependent stoichiometric 
displacement model (SDM) is the steric-mass action (SMA) isotherm 
[16]. It is a four-parameter model (characteristic charge ν, equilibrium 
coefficient keq, shielding factor σ, kinetic coefficient kkin) that elucidates 
the steric hindrance effects in protein adsorption [17,18]. The 
above-mentioned salt-dependent adsorption and steric hindrance are 
also considered in the HIC adsorption isotherm proposed by Mollerup 
[19,20], which is also based on the stoichiometric displacement process 
and possesses an outstanding capacity to characterize nonlinear 
adsorption [10]. The Mollerup isotherm model consists of six parame
ters, including stoichiometric parameter (number of ligands bound per 
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protein) n, maximum binding capacity qmax, equilibrium coefficient keq, 
salt-protein interaction parameter ks, and protein-protein interaction 
parameter kp, and kinetic coefficient kkin. Compared to the SMA model, 
the dependence of salt concentration and protein concentration in the 
HIC Mollerup isotherm is described by an activity coefficient, leading to 
two additional parameters (ks and kp). Currently, the estimation of 
Mollerup isotherm parameters lacks an efficient and rational method, 
relying on the inverse method (IM) [10,11]. The implementation of in
verse method involves fitting the simulated data to the elution curves 
through a well-defined optimization problem, which in turn depends on 
a reasonable optimization algorithm and initial guesses. Additionally, 
the practical application of inverse method is time-consuming and often 
encounters the challenge of local optima trap [21–23], which hinders 
the application of mechanistic model. To address these issues, it is 
essential to develop a new and effective method for parameter estima
tion, particularly for the HIC Mollerup isotherm with numerous 
parameters. 

The Yamamoto method, derived from the retention model, has been 
successfully used for parameter estimation in both IEC and mixed-model 
chromatography (MMC) [17,24-26]. This method can efficiently calcu
late two SMA parameters (ν and keq) or two MMC parameters (ks and 
keq) through several linear gradient elution experiments (LGEs). How
ever, it was reported that the Yamamoto method tends to be more 
effective at low loadings [27,28]. Recently, Chen et al. [29,30] proposed 
an efficient estimation strategy named the parameter-by-parameter 
(PbP) method for the SMA model (referred as PbP-IEC), which is 
based on the retention model utilizing LGEs under different conditions 
to estimate the three SMA parameters (ν, keq and σ) one-by-one. In 
contrast to the Yamamoto method, the PbP-IEC method can provide 
more reliable parameter estimation, particularly under undiluted con
ditions. The PbP-IEC method is derived from mechanistic models 
(retention mechanism and stoichiometric displacement), and can be 
equally applicable to the HIC adsorption isotherm, which is based on the 
same underlying mechanism. 

Compared to the PbP-IEC method published previously [29,30], the 
HIC isotherm has more parameters with different physical meanings, 
and the splitting of the retention model will be more challenging. In this 
study, the PbP method would be extended from IEC to HIC, new 
parameter-by-parameter method for HIC (referred as PbP-HIC) would be 
proposed based on the retention theory and reasonable simplifying as
sumptions for parameter estimation of Mollerup isotherm. Numerical 
experiments with different elution gradient lengths and sample loadings 
would be conducted to validate and evaluate the PbP-HIC method. For 
Mollerup isotherm, four parameters (ks, keq, n, and qmax) would be 
estimated one-by-one by the PbP-HIC method, while the remaining two 
parameters (kp and kkin) would be calibrated by inverse method. Addi
tionally, the applicability range of the proposed PbP-HIC method would 
be investigated by evaluating the effects of operating conditions on the 
parameter estimation. Finally, an experimental strategy would be pro
posed for the practical implementation of the PbP-HIC method. 

2. Theory section 

2.1. Chromatographic column model 

The mass transfer within the chromatographic column is described 
using the lumped rate model (LRM), which is upon the assumption of 
rapid pore diffusion [31]. This simplification allows for the consider
ation of the average pore concentration, cp. Consequently, the contri
butions of the film transfer and pore diffusion can be expressed by the 
effective film diffusion coefficient, keff . 

The LRM is given by: 

∂c
∂t

+ uint
∂c
∂z

+ keff
3
rp

1 − εc

εc

(
c − cp

)
= Dax

∂2c
∂z2 , (1)  

∂cp

∂t
+

1 − εp

εp

∂q
∂t

=
3
rp

keff

εp

(
c − cp

)
, (2)  

where c and cp represent the mobile-phase concentration in the inter
particle volume and intraparticle volume (mol/L), respectively. q de
notes the protein concentration in the stationary (mol/L). t represents 
time (s) and z represents the axial position (m). uint characterizes the 
interstitial velocity (m/s). rp is the particle radius (m). L denotes the 
column length (m). εc and εp are the column porosity and particle 
porosity, respectively. Dax accounts for the axial diffusion coefficient 
(m2/s). 

The rectangular pulse injection condition is applied as: 

cinj
(
tinj

)
=

{
cinj 0 < t⩽tinj
0 t > tinj

(3)  

where cinj represents the loading concentration of the protein (mol/L) 
and tinj is the loading time (s). The Danckwerts and Neumann boundary 
conditions are respectively applied at the column inlet and outlet [32] as 
following: 

uintcinj(t) = uintc(t, 0) − Dax
∂c
∂z

(t, 0), (4)  

∂c
∂z

(t,L) = 0. (5)  

2.2. Adsorption isotherm model 

The HIC adsorption isotherm developed by Mollerup [19,20,33] is 
used in this study and described as: 

kkin
∂q
∂t

= cpkeq

(

1 −
q

qmax

)n

exp
(
kscs + kpcp

)
− q, (6)  

where kkin, keq, qmax, n, ks, kp are six parameters, representing kinetic 
coefficient, equilibrium coefficient, maximum binding capacity, stoi
chiometric parameter (number of ligands bound per protein), salt- 
protein interaction parameter, and protein-protein interaction param
eter, respectively. cs represents the salt concentration in the mobile 
phase (mol/L). kkin is the reciprocal of the desorption constant kdes, and 
it significantly affects the peak width. keq is the ratio of the adsorption 
constants kads to kdes, and it significantly influences the retention time of 
elution peak [34]. ks and kp are parameters describing the effects of salt 
concentration and protein concentration on the activity coefficient, 
respectively. The nonlinear term (1 − q/qmax)

n accounts for the effect of 
steric hindrance, which has a great role in the description of the elution 
process at high loading. 

At the adsorption equilibrium, Eq. (6) can be rewritten as: 

q
cp

= keq

(

1 −
q

qmax

)n

exp
(
kscs + kpcp

)
. (7) 

Furthermore, compared to other parameters, the importance of 
protein-protein interaction is recognized to be relatively minor [26,35, 
36], allowing kp to be approximated as zero. So, Eq. (7) can be simplified 
as: 

q
cp

= keq

(

1 −
q

qmax

)n

exp(kscs). (8) 

For low loading (q⩽qmax), the influence of steric hindrance can be 
negligible, and consequently (1 − q/qmax)

n can be approximated as one 
[19,33]. Hence, Eq. (8) can be reformulated into a linear adsorption 
model as follows: 
q
cp

= keqexp(kscs). (9) 

Based on the above simplifications, the parameters can be classified 
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into two linear parameters (ks and keq) and two nonlinear parameters (n 
and qmax). 

2.3. Parameter-by-parameter method 

The core of the PbP-HIC method consists of the linearization of the 
nonlinear term and the retention mechanism, which have been suc
cessfully applied in the derivation of the PbP-IEC method as published 
previously [29]. 

For the HIC Mollerup isotherm model, the nonlinear term is 
(1 − q/qmax)

n. When qmax = Λ/(ν + σ), the nonlinear terms of the 
Mollerup isotherm and SMA model are equal to each other. This suggests 
that the linearization method might be judiciously extended from the 
SMA model to the Mollerup isotherm. 

According to the retention mechanism, the retention factor k′ can be 
given by [37]: 

k′(t) =
1 − εt

εt

q(t,L)
cp(t, L)

. (10)  

2.3.1. Linear regression 
At low loading, in conjunction with Eq. (9), Eq. (10) can be expressed 

as: 

k′(t) =
1 − εt

εt
⋅keq⋅exp(kscs). (11) 

For elution under a linear gradient, Eq. (11) can be related to the 
integral form as [28,38,39]: 

∫VR

0

dV(t)
k′(t)⋅Vcol⋅εt

= 1, (12)  

V(t) =
(1 − εt)⋅

[
cs(t, L) − cs,initial

]

GH
⋅Vcol, (13)  

GH =
(1 − εt)

(
cs,final − cs,initial

)

CVG
, (14)  

where VR is the retention volume. GH denotes the normalized gradient 
slope (mol/L). CVG represents the length of the elution gradient in terms 
of column volume. cs,initial and cs,final correspond to the salt concentra
tions at the start and end of the gradient (mol/L), respectively. 

Combining Eqs. (11) - (14), Eq. (12) can be rewritten as: 

∫cs,R

cs,initial

dcs

exp(kscs)
= GH⋅keq, (15)  

where cs, R describes the salt concentration at the peak maximum of the 
eluted protein. Eq. (15) can be integrated and rewritten as: 

1
ks

[
exp

(
− kscs,R

)
− exp

(
− kscs,initial

)]
= − GH⋅keq. (16) 

The term exp(− kscs,initial) in Eq. (16) can be neglected if the condition 
of exp(− kscs,R)/exp(− kscs,initial)≫1 is satisfied, and Eq. (16) can be 
rewritten as the logarithm form as: 

ln(− GH) = − kscs,R − ln
(
ks⋅keq

)
, (17)  

where ks and keq are undetermined parameters. Eq. (17) can be refor
mulated with the slope m1 = − ks and the intercept p1 = − ln(ks⋅keq): 

ln(− GH) = m1⋅cs,R + p1. (18) 

In this study, Eq. (18) is named as the linear regression (LR) of the 
PbP-HIC method. 

2.3.2. Linear approximation 
Under undiluted conditions, the isotherms exhibit nonlinearity. 

Combining Eqs. (8) and (10), k′ can be expressed as: 

k′(t) =
1 − εt

εt
⋅keq⋅exp(kscs)

(

1 −
q

qmax

)n

. (19) 

For the nonlinear term (1 − q/qmax)
n, the key aspect of the PbP-HIC 

method is the linearization of this term. Specifically, q at the retention 
time (tR) can be expressed using the Henry coefficient H = keqexp(kscs)

[19,40] as: 

q(tR) ≈ H(tR)⋅cp(tR) =
H(tR)⋅cp(tR)

cinj
(
tinj

) ⋅cinj
(
tinj

)
= g(tR)⋅cinj

(
tinj

)
, (20)  

where cinj =
cinj ⋅uint⋅εc⋅tinj

L is the relative loading concentration. Therefore, 
the nonlinear term can be depicted using the nonlinear coefficient a = g/
qmax as: 
[

1 −
q(tR)

qmax

]n

≈

[

1 −
g(tR)⋅cinj

(
tinj

)

qmax

]n

=
[
1 − a(tR)⋅cinj

(
tinj

)]n
. (21) 

Utilizing Eqs. (19) and (21), Eq. (12) and its integral form can be 
rewritten as: 

∫cs,R

cs,initial

dcs

exp(kscs)
= GH⋅keq⋅

(
1 − a⋅cinj

)n
, (22)  

1
− GH⋅ks⋅keq

[
exp

(
− kscs,R

)
− exp

(
− kscs,initial

)]
=

(
1 − a⋅cinj

)n
, (23)  

where n and a denote undetermined parameters, respectively. The left- 
hand term can be defined as: 

y =
1

− GH⋅ks⋅keq

[
exp

(
− kscs,R

)
− exp

(
− kscs,initial

)]
, (24)  

and Eq. (23) can be reformulated as the logarithm form as: 

lny = n⋅ln
(
1 − a⋅cinj

)
. (25) 

When a⋅cinj≪1, Eq. (25) can be simplified using linear approximation 
as the expression as: 

lny ≈ − a⋅n⋅cinj. (26) 

The slope of Eq. (26) is m2 = − an, and integrating it into Eq. (25) 
gives: 

lny = n⋅ln
(

1+
m2⋅cinj

n

)
. (27) 

The above derivation is named as the linear approximation (LA) of 
the PbP-HIC method. 

2.4. Parameter estimation strategy  

(1) Estimating ks and keq with linear regression 

The parameters ks and keq in the Mollerup isotherm exert influence 
on the retention time. Eq. (18) shows a linear relationship between cs, R 

and ln( − GH). Correlating cs, R with ln(− GH) and using a series of LGEs 
with different elution gradient lengths at low loadings, ks can be 
determined as: 

ks = − m1. (28) 

According to Eq. (28) and the intercept of Eq. (18), keq can be 
determined as: 

keq =
− exp(p1)

ks
. (29) 
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(2) Estimating n and qmax with linear approximation 

The parameters n and qmax in the Mollerup isotherm describe the 
nonlinear behavior. cinj characterizes the loading conditions of LGEs and 
cs, R is affected by the loading conditions. If GH remains constant, cinj 

and y are the independent and dependent variables, respectively. y can 
be calculated by Eq. (24) using ks and keq estimated as mentioned above. 

Eq. (26) can be rewritten using m2 = − a⋅n as: 

lny ≈ m2⋅cinj. (30) 

When multiple LGEs with different loadings while consistent elution 
gradient lengths are performed, using cinj and lny, m2 can be obtained, 
which can be applied to figure out n based on cinj, lny, and Eq. (27). 
However, the equation cannot be solved explicitly. Therefore, n can be 
determined by defining a loss function and minimizing it, as expressed 
as: 

l (y; n) = min
1
N

∑N

i=1

(
lnyi − n⋅ln

(
1 +

m2⋅cinj,i

n

))2
, (31)  

where N represents the total number of LGEs. Furthermore, a is refor
mulated as: 

a = −
m2

n
. (32) 

By combining Eqs. (20), (21), and (32), qmax can be obtained as: 

qmax =
keq⋅exp

(
ks⋅cs,R

)
⋅cp(tR)

a(tR)⋅cinj
(
tinj

) . (33)    

(3) Estimating kp and kkin with inverse method 

The PbP-HIC method for fitting model parameters relies on the 

retention times. However, in comparison to the salt-protein interactions, 
the protein-protein interactions were reported to have a limited effect on 
the asymmetric activity coefficients, resulting in a relatively minor effect 
on the retention times [26,35,36]. Therefore, the parameter kp is not 
taken into account in the PbP-HIC method. Additionally, the parameter 
kkin is not explicitly shown in Eq. (7). Consequently, the direct estima
tion of kp and kkin presents significant challenges. To address this, the 
inverse method has to be used to estimate the parameters kp and kkin 

through the experimental elution curves. The loss function for this 
purpose is defined as follows: 

l
(
csim; kp, kkin

)
= min

1
N

‖ cexp − csim
(
z, t; kp, kkin

)
‖

2
l 2

‖ cexp‖
2
l 2

, (34)  

where N denotes the number of all calibration experiments, cexp and csim 
represent experimental and numerical approximations of protein con
centration, respectively. ‖ ⋅ ‖ℓ2 represents the L2-norm. Minimizing the 
loss function allows us to estimate kp and kkin. 

2.5. Parameters estimation procedure 

Based on the above derivation, the PbP-HIC method can be applied to 
estimate the Mollerup isotherm parameters in a step-by-step way with a 
series of LGEs conducted under different elution gradient lengths and 
loading conditions. Specifically, the procedure involves the following 
three steps: 

Step 1: Estimating ks and keq through LR using multiple LGEs with 
varying elution gradient lengths while maintaining consistent load
ings. 
Step 2: Estimating n and qmax through LA using multiple LGEs with 
different loading conditions while maintaining consistent gradient 
lengths. 

Fig. 1. Flowchart of parameter estimation based on the PbP-HIC method.  
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Step 3: Estimating of kp and kkin with the inverse method using the 
elution curves of LGEs in Step 1 and Step 2. 

The flowchart illustrating the PbP-HIC method for the Mollerup 
isotherm parameter estimation is given in Fig. 1. 

3. Materials and methods 

3.1. Numerical experiments 

The HIC numerical experiments were performed involving on bovine 
serum albumin (BSA, 66.5 kDa) separation with Butyl Sepharose HP 
resin, based on the results reported by Lietta et al. [10]. Column-specific 
parameters, resin parameters, mass transfer parameters, and the Mol
lerup isotherm parameters were sourced from the literature reported by 
Lietta et al. [10]. The model parameters used in this study are presented 
in Tables 1 and 2. 

To assess the effect of loading, the loading factor (LF) is defined as: 

LF =
cinj

qmax⋅(1 − εt)
, (35)  

where LF is the ratio of the loaded mass to the maximum loading, and εt 

represents the total porosity of the column. 
The conditions of two groups of numerical experiments involving 

different elution gradient lengths and loadings for parameter estimation 
are listed in Table 3. The salt concentrations at the end of the elution 
gradient were set as 0.04 mol/L for all LGEs. 

3.2. Real-world experiments 

For real-world experiments, a pre-packed column (HiScreen Phenyl 
FF low sub, Cytiva) with the dimensions of 0.77 cm × 10 cm and a 
column volume of 4.7 ml was used, and lysozyme (14.4 kDa) purchased 
from TargetMol was used as a model protein. All LGEs were performed 
using an ÄKTA Pure chromatography system (Cytiva). The column 
porosity (εc and εp) and the axial diffusion coefficient (Dax) were char
acterized according to the protocols published [41]. The mass transfer 
was set to unity (3keff/rp = 1) for all species [18]. The parameters of the 
column, resin and mass transfer and are presented in Table 1. 

The conditions for the LGEs are summarized in Table 4. All LGEs 
were first equilibrated for 5 CV with 25 mmol/L phosphate buffer (pH 
7.0) containing 2.0 mol/L ammonium sulfate. The protein loading 
sample was adjusted to a concentration of 1.8 g/L using the equilibra
tion buffer. After the sample loading, the column was washed with 
equilibration buffer for 3 CV and then eluted under the conditions as 
listed in Table 4. Finally, the column was washed with 25 mmol/L 
phosphate buffer (pH 7.0) for 5 CV and regenerated with deionized 
water for 3 CV. 

3.3. Process simulation 

The chromatography analysis and design toolkit (CADET) was used 
for chromatographic process simulation, which is an open-source 
framework and provides numerical tools for discretizing and solving 
partial differential equations of chromatographic models [42,43]. 

For the estimation of parameter n, the least squares minimization 
problem was tackled by the scipy.optimize module in the open-source 
Python 3.10 [44]. 

3.4. Model calculation evaluation 

To assess the validity of linear derivation assumption of exp( − kscs,R)

/exp( − kscs,initial)≫1, the retention position parameter (RP) is intro
duced as: 

RP =
cs,initial − cs,R

cs,initial − cs,finish
. (36) 

Higher RP indicates that the retention is closer to the end of the 
gradient, which suggests a higher credibility for the assumption. 

To assess the effectiveness of parameter estimation, the concordance 
between the estimation p̂ and ground truth p of the Mollerup isotherm 
parameters was measured by a L2-error as: 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

‖ p − p̂‖2
L2

‖ p ‖
2
L2

√

. (37)  

Table 1 
Model parameters of column, resin and mass transfer.  

Parameter Symbol Unit Numerical 
experiment 

Real-world 
experiment 

Column length L mm 100.0 100.0 
Column volume V mL 4.65 4.65 
Flow rate u mm/ 

s 
0.417 0.417 

Column porosity εc – 0.37 0.37 
Particle porosity εp – 0.93 0.97 
Particle radius rp μm 17.0 45.0 
Axial dispersion 

coefficient 
Dax m2/s 9.13×10–7 1.50×10–7 

Effective film diffusion 
coefficient 

keff m/s 2.59×10–5 1.50×10–5 

Salt effective film 
diffusion coefficient 

keff,s m/s 1.29×10–4 1.50×10–5  

Table 2 
Mollerup isotherm parameters.  

Parameter BSA Unit 

ks 3.95 (kmol/m3)− 1 

keq 13.1 – 
n 9.85 – 

qmax 0.0376 kmol/m3 

kp 1.00×10–6 (kmol/m3)− 1 

kkin 100 s  

Table 3 
HIC runs for numerical calibration experiments.  

Run Purpose CVG (CV) LF (%) cs,initial (mol/L) 

1–1 LR 10 0.5 1.2 
1–2 LR 20 0.5 1.2 
1–3 LR 30 0.5 1.2 
1–4 LA 30 6.0 1.2 
1–5 LA 30 7.0 1.2 
1–6 LA 30 8.0 1.2 
2–1 LR 10 0.5 1.4 
2–2 LR 20 0.5 1.4 
2–3 LR 30 0.5 1.4 
2–4 LA 30 4.0 1.4 
2–5 LA 30 4.5 1.4 
2–6 LA 30 5.0 1.4  

Table 4 
HIC runs for real-world calibration experiments.  

Run Purpose CVG (CV) Loadings (g/L) cs,initial (mol/L) 

3–1 LR 10 0.5 2.0 
3–2 LR 20 0.5 2.0 
3–3 LR 30 0.5 2.0 
3–4 LA 30 12.0 2.0 
3–5 LA 30 13.0 2.0 
3–6 LA 30 14.0 2.0  
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4. Results and discussion 

4.1. Numerical experiments for parameter estimation 

The mechanistic models facilitate a priori prediction of protein 
separation processes. Numerical experiments can provide a way to 
assess the congruence between the model predictions and virtual ex
periments in chromatography [7]. The absence of interference from 
experimental noise renders the numerical experiments better suited than 
the real-world experimental data for testing and validating the param
eter estimation methods. 

To evaluate the feasibility and accuracy of the PbP-HIC method 
proposed, numerical experiments were performed through the HIC 

experimental and model parameters from the literature reported by 
Lietta et al. [10]. The parameters used are listed in Tables 1 and 2, and 
the first set of numerical experimental conditions is presented in Table 3 
for Group 1 (Run 1–1 to Run 1–6). The Step 1 of the PbP-HIC method 
needs three LGEs with different elution gradient lengths while consistent 
loadings. Mollerup et al. concluded that the steric hindrance of the free 
ligand binding sites during adsorption can be neglected under condi
tions of low loading density [19]. Therefore, the three LGEs (Run 1–1 to 
Run 1–3) for the LR step were set to LF = 0.5% in order to satisfy the 
linear isotherm assumption. The Step 2 of the PbP-HIC method needs 
three LGEs with different loadings while consistent gradient lengths. The 
LA step is designed to estimate the nonlinear parameters (n and qmax), 
for which the experiments need to be carried out in the nonlinear region 

Fig. 2. Elution curves of numerical experiments (dashed line) and model simulations based on the PbP-HIC method (solid line). The salt concentrations at the column 
outlet are presented at the dotted line. (a) to (f) correspond to six calibration experiments (Run 1–1 to Run 1–6) in Table 3. 

Fig. 3. Linear regression (a) and linear approximation (b) for the PbP-HIC method based the numerical experiment Group 1.  
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of the isotherms. Therefore, the LFs of three LGEs (Run 1–4 to Run 1–6) 
for the LR step were set from 6.0 to 8.0% to ensure non-negligible steric 
hindrance effect. 

The elution curves of six numerical experiments for parameter esti
mation are shown in Fig. 2, which were generated with the parameters 
in Table 2 and the operating conditions in Table 3 (Run 1–1 to Run 1–6). 
It can be observed that the peak shape is symmetric at low loadings 
(Runs 1–1 to 1–3), indicating that there is very little competition for the 
binding sites and the elution occurs within the linear region of the 
adsorption isotherm. As the elution gradient length increases, the pro
tein elutes at higher cs, R. This is attributed to the fact that cs, R in Eq. 
(17) is an increasing function of the gradient length, and this trend is 
consistent with experimental observations [26]. At higher loadings 
(Runs 1–4 to 1–6), an increase in cs, R and peak asymmetry can be found 
as the loading increases. This can be mathematically explained using Eq. 
(23): as cinj increases while GH remains constant, the effect of the 
nonlinear term (1 − a⋅cinj)

n becomes more pronounced, resulting in an 
increase in cs, R. These results are consistent with the real-world 
experimental observations [45]. 

4.2. Parameter estimation by PbP method 

Based on the numerical experiments in Fig. 2, the cs, R for Run 1–1 to 
Run 1–6 could be obtained from the elution curves. Combining Eqs. (18) 
and (26), the linear regression (LR) and linear approximation (LA) can 
be established, and the results are shown in Fig. 3. A significant negative 
linear correlation can be found between ln(− GH) and cs, R, as well as 
between lny and cinj, both with correlation coefficients approaching 1. 
This observation reveals that the theoretical derivations and assump
tions are valid under the experimental conditions set above, particularly 
concerning the linearization of the nonlinear term. 

With the LR, ks and keq can be determined using the slope and 
intercept of Eq. (17), while n and qmax are determined with the LA by 
Eqs. (31) and (33). The parameters and L2-error estimated by the PbP- 

HIC method are listed in Table 5. Since the inverse method is not the 
focus of this study, the exact values of the parameters kp and kkin are 
used directly in this study. 

For the parameters ks and keq, the PbP-HIC method can accurately 
retrieve the parameter values and the L2-error for ks and keq are 0.0323 
and 0.0756, respectively. It can be found that the L2-error of keq is higher 
than that of ks. According to Eq. (17), ks is derived directly from the 
slope, while keq is calculated using the intercept and ks estimates. 
Therefore, the error in estimating ks might accumulate and affect the 
precise estimation of keq. 

For the parameters n and qmax, the PbP-HIC method results in an 
estimated L2-error of 0.149 and 0.426, respectively. The relatively large 
L2-error of the parameter qmax might be attributed to the error accu
mulation in estimating parameters or the assumption of LA derivation 
not being satisfied under such operating conditions. 

At low loading (Runs 1–1 to 1–3), the numerical experiments and 
model simulations with the estimated parameter slightly differ in the 
retention. However, for high loading (Run 1–4 to Run 1–6), the nu
merical experiments and model simulations show inconsistency in peak 
heights and peak shapes. This discrepancy might be attributed to a de
viation in the nonlinear parameter estimation (n and qmax). Therefore, 
the feasibility of the PbP-HIC method has been verified for estimating 
the Mollerup isotherm parameters for HIC, but the effect of operating 
conditions on parameter estimation should be further explored to find 
better experimental set. 

4.3. Effects of operating conditions on parameter estimation 

The derivation of the PbP-HIC method relies on certain assumptions 
regarding loadings and retention times. To evaluate the reliability and 
robustness of this parameter estimation method and to validate the 
operating conditions under which these assumptions remain valid, a 
comprehensive investigation into the effects of loadings and elution 
gradients is necessary. In this section, model parameters for the mass 
transfer model and adsorption isotherm are consistent with those pre
sented in Tables 1 and 2. Numerical experiments under various loadings 
and elution gradients were calculated for the parameter estimation with 
the PbP-HIC method. 

4.3.1. Effects of loadings and salt concentration on ks and keq 
The effects of loadings on the estimation of ks and keq are shown in 

Fig. 4(a). The experiments were conducted at cs, initial = 1.5 mol/L, 
covering the LF range from 0.5% to 10%. Fig. 4(b) describes the effects 

Table 5 
Isotherm parameters estimated by the PbP-HIC method based the numerical 
experiments Group 1.  

Parameter Ground Truth Estimated value L2-error Unit 

ks 3.95 4.08 0.0323 (kmol/m3)− 1 

keq 13.1 12.1 0.0756 – 
n 9.85 11.3 0.149 – 

qmax 0.0376 0.0536 0.426 kmol/m3  

Fig. 4. Effects of loadings (a) and retention position (b) on parameter estimation. ◯: ks, ▵: keq.  
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of gradient slope on ks and keq estimation. The experiments were per
formed with LF = 1% and cs, initial ranging from 1.0 mol/L to 3.0 mol/L. 

As depicted in Fig. 4(a), the estimated value of ks closely approached 
the ground truth as the loadings increased, and the L2-error remained 
between 0.0223 and 0.104. However, the L2-error for keq experienced a 
rapid increase, rising from 0.00885 to 0.753 as LF increased from 0.5% 
to 10%. At cs, initial = 1.5 mol/L and LF = 10%, the PbP-HIC method for 
estimating keq showed a high L2-error of 0.753. At this point, it was 
evident that the effect of the nonlinear term was no longer negligible, as 
indicated by the clear peak asymmetry (Fig. S1 in the supplementary 
materials). This peak asymmetry is sufficient to verify that the initial 
assumption (q⩽qmax) is no longer valid. 

The LR step of the PbP-HIC method is based on the assumption of a 
linear isotherm, which cannot be transplanted to the nonlinear region of 
the HIC isotherm. Eq. (17) lacks an appropriate term to account for the 
change in loadings. Therefore, the protein retention should be described 
as follows: 

ln(− GH) = − kscs,R − ln
[
kskeq

(
1 − a⋅cinj

)n] (38) 

Comparing Eq. (38) to Eq. (17), the loading change does not affect 
the slope of the LR and would not affect ks estimate. However, it does 
increase the disparity between the second right-hand term of Eq. (38) to 
Eq. (17), and thus the estimate of keq is sensitive to the loadings. 
Although ks can be estimated at higher loadings, considering the 
parameter-by-parameter estimation of ks and keqtogether, the desirable 

experimental conditions for the LR step of the PbP-HIC method should 
be at low loadings. 

The effects of elution gradients on parameter estimation are shown in 
Fig. 4(b). As the cs, initial increased, the hydrophobicity required for 
protein binding would be enhanced [46–48], resulting in the increased 
retention. According to the definition of Eq. (36), an increase in RP 
represents the retention increase. When RP exceeded 0.644, the L2-er
rors of ks and keq were below 0.125, falling within an acceptable range of 
error. This implies that the assumptions of the LR, exp( − kscs,R)/exp( −
kscs,initial)≫1, could be met. 

Fig. 5 visualizes the effects of loadings and gradient conditions 
together on parameter estimation and retention over a wide range, 
which aligns with our previous discussion. It can be found that the 
estimation of ks is affected relatively weakly by the loading and elution 
gradient conditions, while the accurate estimation of keq depends on the 
appropriate experimental conditions. Comparing Fig. 5(b) and Fig. 5(c), 
the L2-error of keq has a decreasing tendency with the increase of RP. 
This is due to the fact that the LR rule of the PbP-HIC method is based on 
the assumptions made in Eq. (17), which tends to be effective at low 
loading and high RP (LF<5% and RP>0.6). 

4.3.2. Effect of loadings and salt concentration on n and qmax 
The effects of loadings and gradient conditions on the estimation of n 

and qmax were investigated deeply. The results are shown in Fig. 6. The 
horizontal axis LF represents the average of loadings across the three 

Fig. 5. Effects of loadings and elution gradients on parameter estimation and retention. (a): ks; (b): keq; (c): RP.  

Fig. 6. Effects of loadings and elution gradients on the parameter estimation. (a): n; (b): qmax.  
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LGEs, while maintaining a 0.5% difference in LF between them. 
In Fig. 6(a), the influences of loadings and gradient conditions on the 

estimation of n are depicted. A notable observation is the higher L2-error 
at the upper-left corner of the map, which could be attributed to the 
challenges in estimating the parameters n and qmax due to the limited 
impact of steric hindrance at lower loadings. As the LF increases, the 
L2-error of n would reduce, and this trend remains consistent even at 
higher loadings (LF = 12–20%, as demonstrated in Fig. S2 in the sup
plementary materials). 

For the parameter qmax, as shown in Fig. 6(b), an irregular region 
could be found in the map (3.5%<LF<8.5% and 1.2 mol/L<cs,initial<2.4 
mol/L) exhibiting a lower L2-error. This desirable region might corre
spond to the isothermal transition region or the nonlinear region, 
implying that the experimental conditions for estimating qmax are more 
demanding than those for the parameter n. 

The parameter qmax takes into account the effects of steric hindrance 
and hydrophobic binding sites for a more realistic understanding [19, 
49], and it typically requires estimation at higher loading. However, 
unfortunately, the estimation of qmax at high loadings is not desirable in 
the present work. This may be attributed to the non-satisfaction of the 
assumption in Eq. (26) (a⋅cinj≪1) as the loadings increase. 

4.3.3. Effect of loadings on linear approximation 
The LA step of the PbP-HIC method uses multiple LGEs with different 

loading conditions. When the values of cinj for multiple LGEs are 
approaching and the assumption (a⋅cinj≪1) is satisfied, the Eq. (25) in 
logarithmic form can be simplified to a linear Eq. (26) through linear 
approximation. However, this linear approximation assumption gradu
ally breaks down as the cinj difference between calibration experiments 
increases. Fig. 7 describes the effects of the loading interval ΔLF be
tween three LGEs on the estimation of n and qmax, which was conducted 
with cs,initial = 2.0 mol/L, and the consistent elution gradient length of 30 
CV for all three LGEs. The initial LF was set at 5%, and the loading in
terval ΔLF between runs was increased from 0.2% to 3.2%. 

The results indicate that as the loading interval increased, the 
L2-error of n estimation remained within the range of 0.00315 to 0.266, 
but the error of qmax estimation increased rapidly. If ΔLF increased to 
2%, the L2-error of qmax would exceed 0.4. This might be primarily 
attributed to the dual factors that Eq. (25) in logarithmic form cannot be 
simply transformed into linear form as ΔLF increases, and the progres
sive invalidation of the assumption (a⋅cinj≪1). 

4.4. Design strategy of calibration experiments 

Based on the above discussion, the first (LR) and second (LA) steps of 

the PbP-HIC method require different experimental conditions. The LR 
step for estimating ks and keq is most effective under lower loadings and 
appropriate gradient conditions. In contrast, the LA step for estimating n 
and qmax typically demands higher loadings and smaller loading in
tervals. Therefore, a reasonable and convenient design strategy of cali
bration experiments to implement the PbP-HIC method would be 
proposed as outlined below:  

(1) For the LR step, it is recommended to perform three LGEs with 
different gradient lengths as low LF. It is important to keep the LF 
below 5% and ensure that the average RP of these experiments is 
above 0.6. This guarantees the symmetry of the eluted peaks, 
aligning with the assumptions of Eq. (17) and allowing for an 
accurate estimation of the parameters ks and keq.  

(2) For the LA step, it is advisable to conduct at least three LGEs with 
different loadings. Additionally, the average of loadings across 
the three LGEs (LF) should be increased to between 3.5% and 
8.5% compared to the LR step to ensure that the steric hindrance 
effect is not negligible. The loading interval (ΔLF) should be less 
than 2% to guarantee favorable linearity at LA.  

(3) Step3, kp and kkin are estimated by the inverse method using the 
elution curves of the above all LGEs. 

Based on the above experimental strategy, the numerical experi
mental conditions were designed as presented in Table 3 for Run 2–1 to 
Run 2–6. For the LR step, cs, initial = 1.4 mol/L was set to ensure a higher 
RP. For the LA step, LF was set from 4.0% to 5.0% to ensure that the 
adsorption is in the transition or nonlinear region and the assumption 
(a⋅cinj≪1) is valid. 

As shown in Fig. 9, good linear relationships could be found for the 
LR and LA steps. The parameters estimated are summarized in Table 6, 
and the L2-error for all the estimated parameter are less than 0.1, 
implying that the PbP-HIC method worked better under the above 
design strategy. Fig. 8 displays the comparison between the numerical 
experiments and the model simulations of the estimated parameters, 
showing good concordance regarding peak heights and widths. 

Both PbP-IEC and PbP-HIC methods are based on the derivation of 
retention mechanism, and the core of both methods lies in the lineari
zation of the nonlinear terms. The PbP-IEC method uses two linear re
gressions (LR1-IEC and LR2-IEC) and one linear approximation (LA-IEC) 
to disentangle the retention model, allowing for stepwise estimation of 
three SMA isotherm parameters (ν, keq and σ) through five LGEs. For the 
calibration experiments for PbP-IEC, three LGEs with varying gradient 
lengths are used for LR1-IEC to estimate ν, and three LGEs with varying 
loadings for LR2-IEC and LA-IEC to estimate keq and σ. Since the LR1-IEC 
step is not limited by the loading, five calibration experiments can be 
rationally designed so that the LR1-IEC and LA-IEC steps can co-use one 
LGE [29]. Compared to the PbP-IEC method, the retention model (Eq. 
(23)) derived from PbP-HIC has more unknown parameters, which is 
more challenging to disentangle. Additionally, the LR and LA steps in 
PbP-HIC have different loading limits that cannot co-use one LGE in 
most cases. Therefore, for the reasonable estimation of HIC parameters, 
the design of the calibration experiments for PbP-HIC requires addi
tional assumptions and at least six calibration experiments are proposed. 

In order to calibrate the HIC linear isotherm, Andris et al. [11] 
estimated the linear parameters (ks and keq) by the inverse method. 

Fig. 7. Effects of the loading interval on parameter estimation of n and qmax.  

Table 6 
Isotherm parameters estimated by the PbP-HIC method based the numerical 
experiments Group 2.  

Parameter Ground Truth Estimated value L2-error Unit 

ks 3.95 3.90 0.0112 (kmol/m3)− 1 

keq 13.1 13.5 0.0318 – 
n 9.85 10.4 0.0574 – 

qmax 0.0376 0.0406 0.0813 kmol/m3  
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However, applying the LR step of the PbP method reduces the experi
mental effort required to calibrate the model, and parameter estimation 
based on the retention mechanism could improve the identifiability of 
the model parameters. For the parameters n and qmax that take into 
account the nonlinear term of the isotherm at high loadings, they are 
often determined using the inverse method under overload conditions 
[10,49,50]. In contrast, in the present work a nonlinear factor a is 
introduced in the LA step, which can characterize the effect of the 
nonlinear term under undiluted conditions, Therefore, the LA step offers 
the strong support for rational estimation of n and qmax. 

In summary, estimating a large number of model parameters using 
inverse method can be time-consuming and might yield parameters with 
limited physical interpretability. Moreover, the results may exhibit 

instability or struggle to find a unique optimal solution [51], possibly 
due to possible linear correlations between parameters or incomplete 
data. which has been observed for the SMA isotherm [18]. In contrast, 
the PbP-HIC process is more efficient, effectively saving the experi
mental efforts usually required to estimate HIC parameters by design of 
experiments (DoE), and reasonably reducing the number of parameters 
for inverse method fitting from six to two per protein. 

4.5. Validation with real-world experiments and application prospect 

The real-world experiments were designed based on the design 
strategy proposed above, and the experiment conditions are listed in 
Table 4. The process of parameter estimation for the real-world 

Fig. 8. Elution curves of numerical experiments (dashed line) and model simulations based on the PbP-HIC method (solid line). The salt concentrations at the column 
outlet are presented at the dotted line. (a) to (f) correspond to six calibration experiments (Run 2–1 to Run 2–6) in Table 3. 

Fig. 9. Linear regression (a) and linear approximation (b) for the PbP-HIC method based the numerical experiment Group 2.  
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experiments remained consistent with the numerical experiments 
described above, and Table 7 summarizes all the estimated parameters. 
The experiment results and model calculations are compared in Fig. 10. 
The LR and LA steps exhibit good linear relationships for the real-world 
experiment as shown in Fig. 11. It can be found that the peak shape 
exhibits asymmetry for Run 3–3 to Run 3–6, indicating that the isotherm 
is no longer in the linear region at the present loading. The trends of all 
real-world experiments are similar to that of the numerical experiments 
described above. Overall, model simulations accurately predicted the 
retention and peak shape based on the parameters estimated by the PbP- 
HIC method. 

The present studies were only validated for the numerical experi
ments with bovine serum albumin and the real-world experiments with 

Table 7 
Isotherm parameters estimated by the PbP-HIC method based the real-world 
experiments.  

Parameter Estimated value Unit 

ks 4.58 (kmol/m3)− 1 

keq 0.888 – 
n 0.922 – 

qmax 0.156 kmol/m3 

kp 3.20×10–6 (kmol/m3)− 1 

kkin 33.3 s  

Fig. 10. Elution curves of real-world experiments (dashed line) and model calculations based on the PbP-HIC method (solid line). The salt concentrations at the 
column outlet are presented at the dotted line. (a) to (f) correspond to six calibration experiments (Run 3–1 to Run 3–6) in Table 4. 

Fig. 11. Linear regression (a) and linear approximation (b) for the PbP-HIC method based the real-world experiments.  
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lysozyme. However, for real applications the experimental noises (e.g., 
conductivity shifts at high salt concentrations and UV detector noise) are 
complicated and miscellaneous, which may have impacts for parameter 
estimation and process modeling [52]. The model parameters with high 
sensitivity might be susceptible to experimental errors or noise, thus the 
estimated parameters would have relatively large deviations. These ef
fects are difficult to be accounted by the mechanism models [53] and the 
PbP-HIC method. Therefore, additional efforts are required to under
stand and evaluate the effect of experimental noises on the estimated 
parameters, for example modeling the experimental error (e.g., pump 
delay and UV detector noise) [54] and quantifying the parameter un
certainty based on statistical methods [53–55]. 

Rischawy et al. [18] found that the sensitivity of the model param
eters were varying under different operating conditions, and an increase 
in parameter sensitivity would pose a risk to parameter estimation. The 
evaluation on the simulation process disturbances can help us identify 
the key parameters with high sensitivity, thus pointing out the param
eters that need to be estimated with good accuracy [18,56,57]. For the 
SMA isotherm, keq and ν affect the elution peak position and exhibit high 
sensitivity in the experiments, while the nonlinear parameter σ exhibits 
higher sensitivity at high loading, implying that low loading experi
ments are not suitable for estimating σ [18]. For the HIC Mollerup 
isotherm, the parameters ks and keq affecting peak position might be 
highly sensitive and should be estimated with high precision, while the 
nonlinear parameters n and qmax may be insensitive at low loading and 
therefore need to be estimated under undiluted conditions. 

Additionally, certain process variations (e.g., column aging and pH 
change) might also affect the model parameter values thereby reducing 
the predictive power of the model. Further incorporation of artificial 
neural networks might be suitable for investigating the root causes of 
deviations [13]. For the further research work, the sensitivity of model 
parameters and more applications with the PbP-HIC method will be 
systematically investigated in order to improve the understanding of the 
proposed method and apply it to the complex multi-component system 
for protein purification. 

5. Conclusions 

In this study, a PbP method was proposed for parameter estimation 
of Mollerup isotherm for HIC through theoretical derivation and 
reasonable simplifying assumptions. New method was validated through 
numerical experiments of the LGEs under varying gradient lengths and 
loading conditions. Four parameters (ks, keq, n and qmax) can be esti
mated step-by-step. Additionally, a detailed evaluation was conducted 
to understand how changes in loading and elution gradient conditions 
affect the performance of parameter estimation, shedding light on the 
applicability of the PbP-HIC method proposed. It was found that the 
PbP-HIC method had a superior performance when the LR step was used 
under dilution conditions (loading factor below 5%), and the LA step 
was conducted when the isotherm lay in the transition or nonlinear 
region. A strategy containing six LGEs was proposed to make the 
implementation of the PbP-HIC method simpler and more reasonable. 
The numerical experiments were performed based on the proposed 
strategy, and the estimated L2-error of the four parameters were less 
than 0.1. The real-world experiments with lysozyme further validated 
the feasibility of the PbP-HIC method. The proposed method can effi
ciently save the cost of calibration experiments and reduce the param
eters to be fitted by inverse method from six to two per protein, hence 
preventing non-identifiability of structural parameters. Furthermore, 
the PbP method is expected to be rationally applied to other SDM-based 
derived isotherms to accelerate the model-based downstream process 
development. 
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