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A B S T R A C T   

Mechanistic models are powerful tools for chromatographic process development and optimization. However, 
hydrophobic interaction chromatography (HIC) mechanistic models lack an effective and logical parameter 
estimation method, especially for multi-component system. In this study, a parameter-by-parameter method for 
multi-component system (called as mPbP-HIC) was derived based on the retention mechanism to estimate the six 
parameters of the Mollerup isotherm for HIC. The linear parameters (ks,i and keq,i) and nonlinear parameters (ni 

and qmax,i) of the isotherm can be estimated by the linear regression (LR) and the linear approximation (LA) steps, 
respectively. The remaining two parameters (kp,i and kkin,i) are obtained by the inverse method (IM). The pro
posed method was verified with a two-component model system. The results showed that the model could 
accurately predict the protein elution at a loading of 10 g/L. However, the elution curve fitting was unsatis
factory for high loadings (12 g/L and 14 g/L), which is mainly attributed to the demanding experimental con
ditions of the LA step and the potential large estimation error of the parameter qmax. Therefore, the inverse 
method was introduced to further calibrate the parameter qmax, thereby reducing the estimation error and 
improving the curve fitting. Moreover, the simplified linear approximation (SLA) was proposed by reasonable 
assumption, which provides the initial guess of qmax without solving any complex matrix and avoids the problem 
of matrix unsolvable. In the improved mPbP-HIC method, qmax would be initialized by the SLA and finally 
determined by the inverse method, and this strategy was named as SLA+IM. The experimental validation showed 
that the improved mPbP-HIC method has a better curve fitting, and the use of SLA+IM reduces the error 
accumulation effect. In process optimization, the parameters estimated by the improved mPbP-HIC method 
provided the model with excellent predictive ability and reasonable extrapolation. In conclusion, the SLA+IM 
strategy makes the improved mPbP-HIC method more rational and can be easily applied to the practical sepa
ration of protein mixture, which would accelerate the process development for HIC in downstream of bio
pharmaceuticals.   

1. Introduction 

Hydrophobic interaction chromatography (HIC) is widely used as a 
polishing step in the downstream of biopharmaceuticals [1–3]. The 
conventional downstream process development, optimization and 
robustness analysis rely on researcher experience and extensive exper
imental work [2,4]. In contrast, the application of mechanistic 
model-based tools can reduce the number of labor-intensive experi
ments, shorten process development time and reduce the costs [5–9], 

thus meeting the demands of strongly competitive biopharmaceutical 
market and paving the way for digitization and integrated continuous 
manufacturing [10]. 

The core of the mechanistic model of HIC lies in the adsorption 
isotherm [11]. The six-parameter (stoichiometric parameter n, 
maximum binding capacity qmax, equilibrium coefficient keq, 
salt-protein interaction parameter ks, and protein-protein interaction 
parameter kp, and kinetic coefficient kkin) isotherm of HIC proposed by 
Mollerup takes into account the salt dependence of protein adsorption 
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and the steric hindrance effect under nonlinear conditions [12–14], 
which has been popularly used for process characterization and opti
mization of HIC [9,15]. However, the HIC Mollerup isotherm lacks a 
rational and efficient method for model calibration, and the parameter 
estimation normally relies on the inverse method [9,15]. The inverse 
method is a standard approach to fitting simulated data to experimental 
data, depending on a reasonable optimization algorithm and initial 
guess. Unfortunately, for the parameter optimization problem in 
multi-dimensional spaces, the inverse method tends to fall into the trap 
of local optima or requires long time scales to converge [16–18]. This 
ill-posed parameter estimation problem may be caused by parameter 
correlation, limitations of experimental information, or inappropriate 
initial parameter guesses [19]. The consequences may be multiple, 
physically meaningless, and unstable solutions in parameter estimation 
[20]. In addition, as the number of component or parameter increases, 
the mechanistic model may suffer from overfitting due to excessive 
model complexity [21] or data noise [6,22]. The possible solutions are 
to remove terms that are expected to have little impact on the model’s 
predictions [23], or fix some model parameters to reduce the parameter 
number [24]. The potential problems mentioned above imply that the 
parameters estimated by the inverse method might not be able to 
accurately predict outside of calibration experiments [20,25], thus 
certainly hindering the practical application of the HIC Mollerup 
isotherm. 

Fixing model parameters at reasonable values based on prior 
knowledge of the mechanism can reduce the number of parameters that 
needed to be estimated [24], thus making the inverse method more 
reliable. The Yamamoto method is a parameter estimation method based 
on a physical cognition [26], which has been successfully used for 
process development and optimization in ion exchange chromatography 
(IEC) and mixed-model chromatography (MMC) [19,27–29]. This 
approach has the potential to be rationally applied to the linear region of 
the HIC Mollerup isotherm [28], where the parameters ks and keq 
(classified as linear parameters) can be calculated by several linear 
gradient elution experiments (LGEs). However, the Yamamoto method 
tends to be more effective under dilution condition and cannot be 
directly transferred to the nonlinear region of the isotherm [30], which 
means that the parameters n and qmax (classified as nonlinear parame
ters) of the isotherm cannot be straightforwardly obtained through prior 
knowledge of the method. On the other hand, using the inverse method 
to determine the nonlinear parameters potentially has large uncertainty 
and error, making it difficult to obtain a physically meaningful result 
[31,32]. Therefore, the estimation of nonlinear parameters in the HIC 
isotherm exists challenging. To solve this problem, a 
parameter-by-parameter method for single-component HIC (called as 
PbP-HIC) was developed in our previous study based on the retention 
model [33]. Through six LGEs of different conditions, the PbP-HIC 
method allows the four isotherm parameters (ks, keq, n, and qmax) to 
be estimated step-by-step with a deep physical understanding. The pa
rameters ks and keq can be estimated by the linear regression (LR) step 
and classified as the linear parameters, while the parameters n and qmax 
can be estimated by the linear approximation (LA) step and classified as 
the nonlinear parameters. The remaining two parameters (kp and kkin) 
are obtained by the inverse method. However, for practical applications 
to separate protein mixture, previous derivations based on 
single-component system did not consider the interactions between 
multiple proteins, which cannot be directly transferred to 
multi-component parameter estimation. Specifically, the estimation of 
the parameter qmax takes into account the steric hindrance of the protein 
[12], and qmax will change with the existence of other proteins in the 
multi-component system [32]. Furthermore, it was found in our previ
ous study [33] that the qmax has a narrow experimental space for ac
curate estimation and is sensitive to the variation of loading, which is 
because the derivation assumption do not hold at high loading, thus 
potentially presenting a large estimation error. The challenge of qmax 

estimation and the limitation of experiment conditions hinder the 
application and generalization of the PbP-HIC method for 
multi-component system. 

Based on the analysis above, a new parameter-by-parameter esti
mation method of HIC Mollerup isotherm for multi-component system 
(called as mPbP-HIC) would be developed first in this study. Four pa
rameters (ks,i, keq,i, ni, and qmax,i) of component i would be estimated 
one-by-one, where the parameter qmax,i would be determined by solving 
a matrix. The remaining two parameters (kp,i and kkin,i) would be cali
brated by the inverse method. The feasibility of the mPbP-HIC method 
would be verified by a two-component system containing lysozyme and 
α-Chymotrypsinogen A as the model proteins. However, the linear 
approximation step of the mPbP-HIC method requires demanding 
experimental conditions, and the estimation of the parameter qmax,i 

potentially has a large error. Hence, the mPbP-HIC method would be 
further improved, and a promising enhancement is to further calibrate 
qmax,i using the inverse method. Furthermore, to obtain the initial guess 
of qmax,i easily and stably, a simplified linear approximation (SLA) would 
be developed in place of the linear approximation step. The feasibility 
and advantages of the improved mPbP-HIC method would also be 
evaluated with the two-component system, and compared with the in
verse method. Finally, the process optimization of the two-component 
system with the estimated parameters would be performed to demon
strate the application potential for practical industrial protein separa
tion. 

2. Theoretical section 

2.1. Chromatographic column model 

The mass transfer within the chromatographic column is described 
using the lumped rate model (LRM) [34] as: 

∂ci

∂t
+ uint

∂ci

∂z
+ keff,i

3
rp

1 − εc

εc

(
ci − cp,i

)
= Dax

∂2ci

∂z2 , (1)  

∂cp,i

∂t
+

1 − εp

εp

∂qi

∂t
=

3
rp

keff,i

εp

(
ci − cp,i

)
, (2)  

where ci and cp,i represent the mobile phase concentration of component 
i in the interparticle volume and intraparticle volume (mol/L), respec
tively. qi denotes the concentration of component i in the stationary 
phase (mol/L). t represents time (s) and z represents the axial position 
(m). uint characterizes the interstitial velocity (m/s). rp is the particle 
radius (m). L denotes the column length (m). εc and εp denote the col
umn porosity and particle porosity, respectively. Dax accounts for the 
axial diffusion coefficient (m2/s). keff,i denotes the effective film diffu
sion coefficient of component i. 

The rectangular pulse injection condition is applied as: 

cinj,i
(
tinj
)
=

{
cinjxi 0 < t⩽tinj

0 t > tinj
(3)  

where cinj is the loading concentration of the protein sample (mol/L) and 
tinj is the loading time (s). cinj,i and xi represent the loading concentration 
(mol/L) and the mole fraction of component i, respectively. The 
boundary conditions are applied at the column inlet and outlet [35] as 
following: 

uintcinj,i(t) = uintci(t,0) − Dax
∂ci

∂z
(t, 0), (4)  

∂ci

∂z
(t, L) = 0. (5)  

Y.-X. Yang et al.                                                                                                                                                                                                                                



Journal of Chromatography A 1730 (2024) 465121

3

2.2. Adsorption isotherm model 

The HIC isotherm developed by Mollerup [12–14] is used as: 

kkin,i
∂qi

∂t
= cp,ikeq,i

(

1 −
∑N

j=1

qj

qmax,j

)ni

exp
(
ks,ics + kp,icp,i

)
− qi, (6)  

where kkin,i, keq,i, qmax,i, ni, ks,i, kp,i are the kinetic coefficient, equilibrium 
coefficient, maximum binding capacity, stoichiometric parameter 
(number of ligands bound per protein), salt-protein interaction param
eter, and protein-protein interaction parameter of component i, 
respectively. cs represents the salt concentration in the mobile phase 
(mol/L). N represents the total number of components. 

2.3. Parameter-by-parameter method for multi-component system 

The derivation procedure of the PbP-HIC method for the single- 
component system can be found in the previous study [33]. The 
following derivations on the parameter estimation would focus on 
multi-component system, where the parameters kp,i and kkin,i would still 
be estimated using the inverse method. 

2.3.1. Estimating ks,i and keq,i with linear regression 
For linear gradient elution of multiple components at low loading, if 

the exp
(
− ks,ics,R,i

)
/exp

(
− ks,ics,initial

)
≫1 is satisfied for each compo

nent, the retention model can be written in logarithmic form as: 

ln(− GH) = − ks,ics,R,i − ln
(
ks,i⋅keq,i

)
, (7)  

GH =
(1 − εt)

(
cs,final − cs,initial

)

CVG
, (8)  

where GH represents the normalized gradient slope (mol/L) and cs,R,i 
describes the salt concentration at the peak maximum of component i. 
CVG represents the length of the elution gradient in terms of column 
volume. cs,initial and cs,final correspond to the salt concentrations at the 
start and end of the gradient (mol/L), respectively. εt is the total 
porosity. Based on Eq. (7), the parameters ks and keq for each component 
of the protein mixture can be determined from the slope and intercept of 
the linear regression. 

2.3.2. Estimating ni and qmax,i with linear approximation 

Under undiluted conditions, the nonlinear term 

(

1 −
∑N

j=1
qj

qmax,j

)ni 

in 

the HIC isotherm cannot be neglected. In this nonlinear term, q of 
component j at the retention time of protein i 

(
tR,i
)

can be expressed 
using the Henry coefficient Hij = keq,jexp

(
ks,jcs,i

)
[12,36] as: 

qij
(
tR,i
)
≈ Hij

(
tR,i
)
⋅cp,ij

(
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Hij
(
tR,i
)
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(
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)

cinj
(
tinj
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(
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(
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)
,

(9)  

where cp,ij and qij represent the mean concentration in the mobile and 
stationary phase (mol/L), respectively. cinj =

cinj⋅uint ⋅εc⋅tinj
L is the relative 

loading concentration (mol/L). The nonlinear term can be depicted 
using the nonlinear coefficient ai = gij/qmax,i as: 
[

1 −
∑N

j=1

qij
(
tR,i
)

qmax,j

]ni

≈

[

1 −
∑N

j=1

gij
(
tR,i
)
⋅cinj
(
tinj
)

qmax,j

]ni

=
[
1 − ai

(
tR,i
)
⋅cinj
(
tinj
)]ni

.

(10) 

For elution under a linear gradient, the retention model can be 
written as: 

1
− GH⋅ks,i⋅keq,i

[
exp
(
− ks,ics,R,i

)
− exp

(
− ks,ics,initial

)]
=
(
1 − ai⋅cinj

)ni
. (11) 

The left-hand side term in Eq. (11) can be defined as y, and Eq. (11) 
can be reformulated in logarithmic form as: 

lnyi = ni⋅ln
(
1 − ai⋅cinj

)
. (12) 

Performing a Taylor expansion for the right-hand side term in Eq. 
(12), the second-order and higher-order terms of the expansion can be 
ignored when ai⋅cinj≪1. In this case, the right-hand term of Eq. (12) can 
be simplified to − ai⋅ni⋅cinj, and m2 is defined as the slope (m2 = − aini) 
of this linear equation. Integrating m2 into Eq. (12), the parameter n for 
each component can be determined by defining a loss function and 
minimizing it as expressed as: 

l (y;n) = min
1

Nexp

∑Nexp

i=1

[
lnyi − n⋅ln

(
1 +

m2⋅cinj,i

n

)]2
, (13)  

where Nexp represents the total number of LGEs. Furthermore, the 
nonlinear coefficient a for each component can be calculated: 

ai = −
m2,i

ni
. (14) 

Through Eq. (10), ai can be expressed as: 

∑N

j=1

gij
(
tR,i
)

qmax,j
= ai

(
tR,i
)
. (15) 

The linear system of equations, G(1 /qmax) = a, can be expressed as: 
⎡

⎣
g11 ⋯ g1j
⋮ ⋱ ⋮

gi1 ⋯ gij

⎤

⎦

⎡

⎣

1
/
qmax,1
⋮

1
/

qmax,j

⎤

⎦ =

⎡

⎣
a1
⋮
ai

⎤

⎦, (16)  

where the element gij = Hij⋅cp,ij/cinj can be obtained from Eq. (9). If the 
matrix G is invertible and positive definite, qmax can be calculated as: 

1
/
qmax = G− 1a. (17) 

The above derivation is the linear approximation (LA) step for the 
mPbP-HIC method in multi-component system. 

2.3.3. Simplification of linear approximation 
Combining with the definition of gij in Eq. (9), the matrix G in Eq. 

(17) can be expressed as: 

det(G)=
∏N

j

keq,j

cinj
⋅det

⎡

⎣
exp

(
ks,1⋅cs,R,1

)
⋅cp,11 ⋯ exp

(
ks,N⋅cs,R,1

)
⋅cp,1N

⋮ ⋱ ⋮
exp

(
ks,1⋅cs,R,N

)
⋅cp,N1 ⋯ exp

(
ks,N⋅cs,R,N

)
⋅cp,NN

⎤

⎦.

(18) 

In practice, the second term of Eq. (18) is not always nonzero. 
Therefore, the matrix G may not be invertible and the solution of the 
linear system does not exist. To solve this problem, the simplified linear 
approximation in the PbP-IEC method published previously [32] is 
extended the present work for HIC. Under the assumption that the 
concentrations of other protein cp,ij(i∕= j) at the retention time of protein 
i tends to zero, gij can be simplified as: 

gii = keq,i⋅exp
(
ks,i⋅cs,R,i

)
⋅
cp,ii

cinj
. (19) 

Therefore, the matrix G can be rewritten as a diagonal matrix: 

det(G)=det

⎡

⎢
⎢
⎢
⎢
⎣

keq,1⋅exp
(
ks,1⋅cs,R,1

)
⋅
cp,11

cinj

⋱

keq,N⋅exp
(
ks,N⋅cs,R,N

)
⋅
cp,NN

cinj

⎤

⎥
⎥
⎥
⎥
⎦
.

(20) 

The diagonal matrix G is positive definite, hence the linear system 
has a solution as: 
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qmax,i =
gii

ai
= keq,i⋅exp

(
ks,i⋅cs,R,i

)
⋅
cp,ii

cinj
⋅
1
ai
. (21) 

The above derivation is named as the simplified linear approxima
tion (SLA) of the mPbP-HIC method. The SLA is computationally 
equivalent to the LA step for single-component system published pre
viously [33]. 

3. Materials and methods 

3.1. Calibration experiments for HIC 

For calibration experiments, a pre-packed column (HiScreen Phenyl 
FF low sub, Cytiva, Uppsala, Sweden) with the dimensions of 0.77 cm ×
10 cm and a column volume of 4.7 ml was used. A two-component 
system was constructed using lysozyme (abbreviated as Lys, 14.4 kDa, 
TargetMol, Massachusetts, USA) and α-Chymotrypsinogen A (abbrevi
ated as Chy, 25.6 kDa, Sigma-Aldrich, Saint Louis, USA) as model pro
teins. All calibration experiments were performed using an ÄKTA Pure 
chromatography system (Cytiva, Uppsala, Sweden). The parameters of 
the column, resin and mass transfer were determined in the previous 
study [33] and were used in the present work as listed in Table 1. 

The mPbP-HIC method utilized the six LGEs listed in Table 2. The 
linear regression step used three LGEs (Runs 1 to 3) with varying 
gradient lengths (10 CV to 30 CV) and consistent loadings (0.5 g/L) for 
estimating the parameters ks,i and keq,i. The linear approximation step 
utilized three LGEs (Runs 4 to 6) with different loading conditions (10 g/ 
L to 14 g/L) and consistent gradient lengths (30 CV) for estimating the 
parameters ni, and qmax,i. 

The total concentration of the protein mixture sample was adjusted 
to 2.91 g/L (2.0 g/L for Lys and 0.91 g/L for Chy) using the equilibration 
buffer. All LGEs were first equilibrated for 3 CV with 25 mmol/L phos
phate buffer (pH 7.0) containing 2.0 mol/L ammonium sulfate. After 
injecting the protein mixture under the loading conditions listed in 
Table 2, the column was washed with equilibration buffer for 3 CV and 
then eluted at the gradient length listed in Table 2. Finally, the column 
was washed with 25 mmol/L phosphate buffer (pH 7.0) for 3 CV and 
regenerated with deionized water for 3 CV. 

To analyze Lys and Chy concentrations in the fractions, a TSKgel 
G3000SWXL column (Tosoh, Tokyo, Japan) was used with isocratic flow 
of SEC buffer (50 mmol/L phosphate buffer, 150 mmol/L sodium sulfate, 
pH 7.0) and run at a flow rate of 1 mL/min for 15 min. The sample was 
analyzed with a wavelength of 280 nm. 

3.2. Process simulation and optimization 

The chromatography analysis and design toolkit (CADET) [37,38] 
was used for chromatographic process simulation. The discretization of 
the column was set to 150 axial nodes. The absolute and relative toler
ances were set to 10− 6. 

For the estimation of parameter n, the least squares minimization 
problem was tackled by the scipy.optimize module in Python 3.10 [39]. 

The inverse method estimates the unknown parameters through 

experimental elution curves and loss function. The loss function is 
defined as follows: 

l (csim;P) = min
∑Nexp

j=1

∑Ncomp

i=1

‖ cexp,i − csim,i(z, t;P) ‖2
L2 , (22)  

where Nexp and Ncomp denote the number of calibration experiments and 
components. cexp and csim represent experimental results and numerical 
approximations of protein concentration, respectively. P represents the 
set of parameters that need to be estimated. ‖ ⋅ ‖L2 represents the 
L2-norm. The parameter search ranges for the inverse method are shown 
in Table 3. 

Genetic algorithm (GA), simulated annealing (SA), and particle 
swarm optimization (PSO) from the scikit-opt library were used as op
timizers for parameter estimation and process optimization. To assess 
the effectiveness of parameter estimation, the deviation between the 
experimental curves yexp and the model simulations ysim was measured 
by the average L2-error as: 

1
Nexp

∑Nexp

j=1

∑Ncomp

i=1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

‖ yexp,i − ysim,i‖
2
L2

‖ yexp,i‖
2
L2

√
√
√
√ . (23)  

4. Results and discussion 

4.1. Parameter estimation based on the mPbP-HIC method 

The feasibility of the mPbP-HIC method for multi-component system 
was verified with the protein mixture containing Lys and Chy. The 
parameter qmax was calculated directly from the matrix solution 
(derived in Section 2.3.2). The procedure of the mPbP-HIC method is 
depicted in Fig. 1. 

Six calibration experiments were carried out with protein mixture 
following the design strategy proposed in previous study [33]. As listed 
in Table 2, Run 1 to Run 3 were performed at low loading, when the 
effect of the nonlinear term was neglected. Through establishing a linear 
relationship between cs,R and GH, the linear parameters ks and keq for 
each component can be calculated from the slope and intercept of Eq. 
(7). Run 4 to Run 6 were conducted under undiluted conditions, and the 
peak shapes exhibit asymmetry. Through linear approximation, the 
nonlinear parameters n and qmax can be obtained sequentially using the 
loss function and matrix solving. 

The linear regression and linear approximation results are shown in 
Fig. 2. In the LR step, the linear correlation coefficients of both proteins 
approach 1.00. In the LA step, Lys shows a good linear relationship, Table 1 

Model parameters of column, resin and mass transfer.  

Parameter Symbol Value Unit 

Column length L 100.0 mm 
Column volume V 4.65 mL 
Flow rate u 0.417 mm/s 
Column porosity εc 0.37 – 
Particle porosity εp 0.97 – 
Particle radius rp 45.0 μm 
Axial dispersion coefficient Dax 1.50×10–7 m2/s 
Effective film diffusion coefficient keff 1.50×10–5 m/s 
Salt effective film diffusion coefficient keff,s 1.50×10–5 m/s  

Table 2 
Experimental runs for parameter calibration.  

Run Purpose CVG (CV) Loadings (g/L) cs,initial (mol/L) 

1 LR 10 0.5 2.0 
2 LR 20 0.5 2.0 
3 LR 30 0.5 2.0 
4 LA 30 10.0 2.0 
5 LA 30 12.0 2.0 
6 LA 30 14.0 2.0  

Table 3 
Parameter search boundaries of the inverse method.  

Parameter Lower bound Upper bound Unit 

ks 1.00 10.0 (kmol/m3)− 1 

keq 0.100 10.0 – 
n 0.100 10.0 – 
qmax 0.0100 1.00 kmol/m3 

kp − 50,000 50,000 (kmol/m3)− 1 

kkin 1.00 1000 s  
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while the correlation coefficient of Chy is 0.93. The relatively weak 
linear relationship for Chy may be attributed to experimental error or 
noise [31], which affected the selection of retention time for Chy. 

The parameters kp and kkin were estimated using the inverse method. 
Table 4 lists all parameters estimated. Compared to the parameters of 
Lys obtained in the previous study for single-component separation 
system with same resin [33], ks increased from 4.58 to 4.67 and keq 

decreased from 0.888 to 0.862. The linear parameters of Lys are rela
tively consistent, and the slight variations may be due to the different 
conditions of the two sets of calibration experiments. For the nonlinear 
parameters, n decreased from 0.922 to 0.867 and qmax decreased from 
0.156 to 0.114. A possible explanation for the decrease in qmax is that the 
competitive binding effect causes a more asymmetric peak shape in the 
multi-component system than that in the single-component under the 
same loading, which affects the retention time of the component, 
resulting in a smaller qmax. The general understanding is that the pro
teins with higher molecular weights have more significant steric hin
drance effects [40,41]. In this study, the estimated qmax of Chy is lower 
than that of Lys, which is consistent with the physical understanding. 

The model simulations based on the estimated parameters are shown 
in Fig. 3. Good agreement between the experimental results and the 

model simulations can be found, and the average L2-error is 0.465 for six 
calibration experiments. At low loadings (Runs 1, 2, 3), the components 
elute earlier in the model simulations compared to the experimental 
curves. This might be attributed to the estimation errors of the linear 
parameters, which have a significant influence on the retention time 
prediction of the elution peak [33]. According to our previous investi
gation [33], the estimation of parameter ks is weakly affected by 
changes in retention position or loading in the LR step and has a superior 
accuracy, whereas keq is sensitive to such effects. Hess et al. [28] also 
observed that keq has higher estimation uncertainty compared to ks 

Fig. 1. Flowchart of parameter estimation based on the mPbP-HIC method for multi-component system.  

Fig. 2. Linear regression based on Runs 1–3 (a) and linear approximation based on Runs 4–6 (b). ◯: Lys, × : Chy.  

Table 4 
Isotherm parameters estimated by the mPbP-HIC method.  

Parameter Lys Chy Unit 

ks 4.67 5.78 (kmol/m3)− 1 

keq 0.862 0.944 – 
n 0.867 1.36 – 
qmax 0.114 0.0361 kmol/m3 

kp 715.3 1090.5 (kmol/m3)− 1 

kkin 47.2 54.6 s  
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through the confidence ellipse. Therefore, the bias in retention time may 
be mainly caused by the error of keq in this case. For the three LGEs at 
high loading (Runs 4, 5, 6), the agreement between simulations and 
experiments gradually worse with increasing loading, with an average 
L2-error of 0.427. In Runs 5 and 6, the peak heights of the model sim
ulations are obviously lower than those of the experiment curves, and 
the asymmetry of the simulated curves increases more significantly. This 
discrepancy at high loading may be attributed to the estimation devia
tion of the nonlinear parameter caused by the error accumulation effect. 
For the mPbP-HIC method, because the parameters are determined 
sequentially one-by-one, the parameter estimation errors in the former 
step will accumulate to the latter step, which may lead to unreasonable 
nonlinear parameters, especially the parameter qmax obtained in the last 
step. Due to the estimation bias of the parameter qmax, the model cannot 
reliably evaluate the peak shape of protein elution, which affects the 
prediction of the retention time. To enhance the fitting degree of the 
elution curves and to reduce the error accumulation effect, it is neces
sary to improve the mPbP-HIC method. 

4.2. Improvement of the mPbP method for parameter estimation 

Based on the above results, the mPbP-HIC method has limitations 
and needs to be improved. When the isotherm is in the transition or 
partly nonlinear region and the slope change of the isotherm is relatively 
small, the assumption of ai⋅cinj≪1 and the approximation of Eq. (9) 
would hold. However, the above assumption and approximation grad
ually fail as the loading increases, which leads to the possibility that the 
LA step of the mPbP-HIC method may give unreasonable nonlinear pa
rameters, resulting in a poor curve fitting. Especially for the parameter 
qmax, the calculation of qmax from Eq. (17) will be unreliable at high 
loading, since the matrix G is based on the approximation of Eq. (9), 
which fails gradually as the loading increases. 

In our previous study [33], the range of operating conditions 
(loading and salt concentration) that make the LA step work well was 
explored by numerical experiments. It was found that the parameter n 
can be estimated with high accuracy over a broader range of operating 
conditions (4 % < loading factor < 20 %) by the LA step, while the qmax 
estimate is more sensitive to the experiment conditions (estimation 
accurately only at 3.5 % < loading factor < 8.5 %), and the error may be 
high in practical experiments due to the assumption failure or the error 
accumulation effect. Thus, it is worth to consider further calibrating the 
parameter qmax obtained from LA step by the inverse method to reduce 

the estimation error and improve the fitting degree of elution curve. 
Similar strategies have been used for the determination of the steric 
mass action (SMA) isotherm parameters, aiming to streamline the 
existing calibration techniques [19,32,42]. Furthermore, as analyzed in 
Section 2.3.3, another potential problem with the LA step is that it might 
be impossible to solve the matrix to obtain qmax, for example in the 
presence of the singular matrix. Despite the fact that the LA linear sys
tem has a unique solution, it is still cumbersome to solve when the 
number of components increases in the complex multi-component sys
tem [32]. Obviously, it is not necessary to accurately compute the initial 
guess of qmax by solving a complex linear system. Therefore, the SLA step 
in the mPbP-HIC method was proposed to easily obtain the initial value 
of qmax. The improved mPbP-HIC method and the procedure is illus
trated in Fig. 4. Main improvement is to replace the LA step with the SLA 
step in the mPbP-HIC method for the parameter qmax estimation, and to 
take the estimated qmax as an initial guess for the inverse method. 

The parameters were estimated following the improved mPbP-HIC 
method mentioned above. The linear parameters (ks and keq) and n 
are consistent as Section 4.1, while qmax would be initialized by the SLA 
as: 
[

92.52 0.2047

0.4254 19.76

]

[
103.0 0.5041

0.4486 21.87

]

[
113.7 0.6663

0.7060 23.61

]

×

[ 1
/

qmax,Lys

1
/

qmax,Chy

]

=

[
937.7
654.8

]

. (24) 

In Eq. (24), the diagonal elements of the matrix G are much larger 
than the other elements in the same row, thus the simplification of the 
non-diagonal elements in the SLA is reasonable. The initial guess for 
qmax (qmax,Lys=0.109 and qmax,Chy=0.0331) can be derived directly from 
Eq. (21). 

As the SLA could provide reasonable initial guesses for qmax, the 
search boundaries for qmax could be narrowed to the vicinity of the 
initial guess (0.545 < qmax,Lys < 0.218 and 0.016 < qmax,Chy < 0.066). 
The boundaries for kp and kkin are listed in Table 3. The three param
eters were further estimated by the inverse method, and the results are 
presented in Table 5. The qmax obtained by SLA+IM with the improved 
mPbP-HIC method are higher than those obtained by LA with the clas
sical mPbP-HIC method, which implies that the LA step may have 

Fig. 3. Elution curves of HIC experiments (scatters, blue: Lys, orange: Chy) and model calculations based on the mPbP-HIC method (solid line, blue: Lys, orange: 
Chy). The simulated salt concentrations at the column outlet are presented at the dotted line. (a) to (f) correspond to six calibration experiments in Table 2. 
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overestimated the steric hindrance effect. It can be found that when the 
parameter qmax was further estimated by the inverse method, the re- 
estimated result of the kp in Table 5 changed relatively large 
compared to that in Table 4. This may be due to the comparatively large 
confidence interval for this parameter [43], and the high uncertainty in 
the inverse method, which can be further evaluated with Markov Chain 
Monte Carlo [44]. With the improved mPbP-HIC method, the elution 
curve fitting is significantly improved under undiluted condition (Runs 
4, 5, 6) and the average L2-error decreases from 0.427 (Section 4.1) to 
0.346 as shown in Fig. 5. It is interesting to found that the loading factor 

for lysozyme (LF = cinj/
(

qmax,LYS⋅(1 − εt)
)
× 100%) [32,33] was 

30.1% in Run 6, at which point the experiment was in relatively poor 
agreement with the model simulation. This is due to the fact that the 
current understanding of the HIC adsorption mechanism is limited [45], 
and the mechanistic model of Mollerup isotherm might not reasonably 
characterize the high loading or overloading conditions [9]. 

Compared to the LA step, the SLA step in the improved mPbP-HIC 
method can avoid the risk of unsolvable matrix and reduces the time 
complexity for solving linear system. For a protein mixture system 
containing n components, the time complexity of solving Eq. (17) in the 
LA step is O

(
n3) using the classical Gaussian elimination method. 

However, the time complexity required to compute Eq. (21) of SLA is 
only O(n). Obviously, the solution time of SLA increases linearly only 
with the growth of the component. For practical separation of three- 
component system, the solving speed of the SLA step will be 27 times 
faster than the LA step (using Gaussian elimination method). 

The initial guess of qmax obtained using the SLA step is based on the 
retention mechanism that provides a comprehensive physical knowl

edge of the parameters. This would narrow the search parameter space 
for the inverse method, thus avoiding the ill-posed problem of multiple 
solutions for nonlinear parameter qmax estimation. As reported in our 
previous study for the PbP-IEC method [32], the SLA+IM results were 
also closer to the ground truths and are more reasonable than the 
directly determining with the LA estimation. The results of better elution 
curve fitting with the SLA+IM strategy indicate that the error accumu
lation effect caused by the stepwise parameter estimation might be 
effectively reduced. Importantly, to simultaneously estimate the pa
rameters n and qmax with high accuracy, the LA step of the classical 
mPbP-HIC method tends to be demanding on the calibration experi
mental conditions. In contrast, the use of the SLA+IM strategy makes the 
improved mPbP-HIC method more rational and convenient, and allows 
the parameters to be calibrated over a wider operating space. 

However, for practical application of the improved mPbP-HIC 
method, the error accumulation effect still exists, and the experi
mental noises (e.g., conductivity shifts at high salt concentrations and 
UV detector noise) are complex and miscellaneous, which may have 
impacts on the parameter estimation [31,46]. The mechanistic model 
[47] and the improved mPbP-HIC method are difficult to account for 
these effects, and thus may lead to poor fitting of calibration experi
ments. It is worthwhile to consider using the parameters obtained from 
the improved mPbP-HIC method as initial values, and then further 
estimating some or all of the parameters by inverse method. Since the 
improved mPbP-HIC method could provide more reasonable initial 
guess, the parameter search range of the inverse method will be nar
rowed, allowing for faster convergence and eliminating the challenges 
for multiple optima [48]. 

4.3. Parameter estimation with inverse method 

In order to compare the proposed mPbP-HIC method, all isotherm 
parameters were estimated using the inverse method, and the parameter 
search boundaries are listed in Table 3. 

Table 6 summarizes the results of the parameter estimation. In this 
study, the inverse method faced a 12-dimension optimization problem 
(six parameters per protein). During the inverse procedure, the assign
ment of unreasonable parameters or parameter combinations may tend 
to result in steep concentration fronts, which can abort or fail the 

Fig. 4. Flowchart of parameter estimation based on the improved mPbP-HIC method for multi-component system.  

Table 5 
Isotherm parameters estimated by the improved mPbP-HIC method.  

Parameter Lys Chy Unit 

ks 4.67 5.78 (kmol/m3)− 1 

keq 0.862 0.944 – 
n 0.867 1.36 – 
qmax 0.140 0.0393 kmol/m3 

kp − 878.3 − 492.1 (kmol/m3)− 1 

kkin 49.5 56.2 s  
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optimization process [49]. In contrast, the improved mPbP-HIC method 
requires only six parameters (three parameters per protein) to be esti
mated by the inverse method and has reasonable initial values for qmax, 
thus would reduce the difficulty and time of parameter search 
exponentially. 

Fig. 6 shows the experimental curves and the model simulations 
based on the estimated parameters. Compared to Fig. 5, the parameters 
obtained by the inverse method more precisely fitted the protein con
centration. The average L2-error for the six experiments was 0.375, 
while the L2-error was 0.429 for the improved mPbP-HIC method in 
Fig. 5. The inverse method is based on direct fitting of curves, which 
would clearly lead to smaller L2-error. However, the result of the inverse 
method varies depending on the algorithm and the optimization objec
tives (e.g., peak shape, peak position, and peak height) [16,50], and 
there may be ill-posed problem in parameter estimation [19]. This will 
lead to multiple or unstable solutions for the parameters, which may 
cause the model unable to predict accurately outside the calibration 
experiments [20,25]. 

4.4. Process optimization and model validation 

The estimated parameters were first validated by the process opti
mization for a sample loading of 10 g/L, with Lys defined as the main 
product. The optimization objective was to maximize the sum of purity 
and yield of Lys. After each simulation, the protein concentration 

profiles were automatically integrated to calculate the area. The pooling 
interval started from the beginning of Lys elution and ended when the 
optimization objective was maximized. 

The process optimization was based on two-gradient chromatog
raphy with a salt concentration of 2.0 mol/L at the start of the first 
gradient. The salt concentration at the end of the first gradient was 
defined as the decision variable. The optimization was performed using 
parameters obtained from the improved mPbP-HIC method (listed in 
Table 5). After the optimization, the final value of the decision variable 
(the salt concentration at the end of the first gradient) was 1.44 mol/L, 
and predicted purity of Lys was 99.9 % with the yield of 99.7 %. 

To compare the two mPbP-HIC method and the inverse method, 
Fig. 7 shows the model predictions and the experimental data for the 
optimized process with the gray area representing the pooling interval. 
The obtained purity of the experiment was close to 100 % with the yield 
of 97.1 %. The decrease in yield compared to the predicted value was 
attributed to the fact that Lys eluted earlier in the experiment than the 
model prediction and the peak shape was more trailing. It can be 
observed that the parameters provided by both mPbP-HIC methods 
accurately predict the retention time of the main product with accept
able errors. However, the parameters obtained by the improved mPbP- 
HIC method have better prediction for the peak height and peak shape 
of Chy. In addition, although the parameters obtained by the inverse 
method had a lower L2-error in fitting the calibration experiments, there 
was a larger deviation in the process optimization. This indicated the 
potential risk of applying the inverse method to estimate all parameters 
in practical process development, and a good fit achieved by parameter 
estimation would not guarantee the predictive ability of the model [48]. 

In order to compare the two mPbP-HIC methods that performed good 
in the loading of 10 g/L optimization experiment, further process opti
mization was carried out under the extrapolation condition at the 
loading of 16 g/L. 

The optimization process was kept consistent with the above. After 
optimization, the decision variable was 1.56 mol/L, and the predicted 
purity and yield were 99.9 % and 99.9 %, respectively. The process 

Fig. 5. Elution curves of HIC experiments (scatters; blue: Lys, orange: Chy) and model calculations based on the improved mPbP-HIC method (solid line; blue: Lys, 
orange: Chy). The simulated salt concentrations at the column outlet are presented at the dotted line. (a) to (f) correspond to six calibration experiments in Table 2. 

Table 6 
Isotherm parameters estimated by the inverse method.  

Parameter Lys Chy Unit 

ks 5.06 5.87 (kmol/m3)− 1 

keq 0.585 0.905 – 
n 2.03 3.15 – 
qmax 0.224 0.0651 kmol/m3 

kp − 286.0 1385.6 (kmol/m3)− 1 

kkin 51.0 39.5 s  
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simulation and experimental result are shown in Fig. 8. The purity of the 
experiment was 97.1 % with the yield of 99.8 %. The yield was relatively 
consistent with the model prediction, while the purity was slightly lower 
than the prediction. This might due to a slight overlap of Lys and Chy in 
the experiment, for which the model failed to accurately predict and 
gave a wider pooling interval. It should be noted that in practical process 
optimization, a more reasonable optimization objective would be to 
maximize productivity, or to maximize yield while ensuring the purity 
requirements [17,51]. For the loading of 16 g/L, the deviations between 
model calculations and experiments are non-negligible for both sets of 
parameters. This deviation may be attributed to a combination of 
parameter uncertainty, data quality, and model bias [9,17]. However, 
the model prediction of the parameters provided by the improved 
mPbP-HIC method was more accurate, with a L2-error reduction of 0.07 
compared to the classical mPbP-HIC method. Moreover, the improved 
method showed a smaller prediction bias for the peak shape and 

retention time of Lys. In combination with the calibration experiments, 
the improved mPbP-HIC method also performed better prediction, 
indicating that the parameters determined by this method are more 
physically meaningful, especially for the parameter qmax. Further 
determination of qmax using the inverse method will enable a more 
rational evaluation of the steric hindrance effect, allowing the model to 
effectively characterize the chromatographic process over a wider 
experimental condition outside the model calibration space. 

However, Creasy et al. [52] observed that the protein binding 
behavior of HIC was expected to be more complicated as the protein 
loading gradually increased to 30 % of the column equilibrium binding 
capacity, where the Mollerup HIC isotherm might not represent this 
binding behavior. In practical industrial separation, despite the 
commonly unavoidable deviation existing between model predictions 
and experimental validations, the model-based tool clearly leads in the 
right direction for process development [8]. The impact of deviation can 

Fig. 6. Elution curves of HIC experiments (scatters; blue: Lys, orange: Chy) and model calculations based on the inverse method (solid line; blue: Lys, orange: Chy). 
The simulated salt concentrations at the column outlet are presented at the dotted line. (a) to (f) correspond to six calibration experiments in Table 2. 

Fig. 7. Elution curves of the optimization experiments (dashed line) and model calculations (solid line, blue: Lys, orange: Chy) for 10 g/L loading. (a) the classical 
mPbP-HIC method; (b) the improved mPbP-HIC method; (c) the inverse method. The simulated salt concentrations at the column outlet are presented with the dotted 
line. The gray area represents the pooling interval. 
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be controlled by using rational error modeling methods [53] or by 
setting safety factors in process optimization [45]. Furthermore, the 
model uncertainty and boundaries can be further explored through 
Bayesian inference using Monte Carlo methods [44,54], so that the 
robust optimization process can be designed and developed to ensure 
that the product has a predefined quality at the end of the manufacturing 
process. 

5. Conclusions 

In this study, a PbP-HIC method for multi-component system (named 
as the mPbP-HIC method) was derived. Four parameters (ks,i, keq,i, ni, 
and qmax,i) of component i would be estimated by the linear regression 
and linear approximation steps, where the parameter qmax,i would be 
determined by solving a matrix. The remaining two parameters (kp,i and 
kkin,i) would be calibrated by the inverse method. The experimental 
validation was carried out by a two-component system containing 
lysozyme and α-Chymotrypsinogen A. The results indicated that the 
nonlinear parameters (n and qmax) obtained from the linear approxi
mation step potentially had large errors, especially for the parameter 
qmax, which resulted in a poor curve fitting at high loading. Therefore, 
the inverse method was introduced to further determine the qmax to 
reduce the estimation error. Moreover, considering the possible prob
lems of matrix unsolvable and complicated matrix solving in the linear 
approximation step, the simplified linear approximation (SLA) was 
further proposed by reasonable assumption. It implies that the param
eter qmax can be obtained directly by SLA without solving any complex 
linear system. Based on the above improvements, the qmax could be 
initialized by SLA and finally determined by the inverse method, and 
this straightforward strategy (SLA+IM) to determine the parameter qmax 
would be applied in the improved mPbP-HIC method. The experimental 
validation showed that the improved mPbP-HIC method had better 
elution curve fitting than the classical mPbP-HIC method under undi
luted condition (Runs 4, 5, 6), with the average L2-error reduced from 
0.427 to 0.346. Finally, the estimated parameters were validated further 
by the process optimization both within and outside the model cali
bration range. The optimization experiments verified that the parame
ters provided by the improved mPbP-HIC method are more reasonable, 
enabling the model with a good predictive ability and allow reasonable 
extrapolation. The results demonstrated that the improved mPbP-HIC 
method can be easily applied to practical separation, and can accel
erate the development of HIC process in the downstream of bio
pharmaceuticals with savings in experimental costs. 
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D.A. Nicholson, D.R. Hagen, D.V. Pasechnik, E. Olivetti, E. Martin, E. Wieser, 
F. Silva, F. Lenders, G. Young, G.A. Price, G.L. Ingold, G.R. Lee, H. Audren, 
I. Probst, J.P. Dietrich, J. Silterra, J.T. Webber, J. Slavič, J. Nothman, J. Buchner, 
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