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A B S T R A C T

Development of a next-generation chromatographic model, capable of simultaneously meeting academic de
mands for thermodynamic consistency and industrial requirements in everyday project work, has become a focal 
point of research. In this study, anti-Langmuirian to Langmuirian (AL-L) elution behavior was observed in cation- 
exchange chromatographic separation of charge variants of industrial Fc-fusion proteins. To characterize this 
behavior, the multi-protein Mollerup activity model was integrated into the steric mass action (SMA) model, 
resulting in a new model named the generalized ion-exchange (nGIEX) isotherm for multi-protein systems. An R2 

exceeding 0.95 calibrated by three elution experiments indicates an effective description of the AL-L behavior 
(dynamic adsorption). Using isotherm sampling, the nGIEX model exhibited sigmoidal AL-L isotherms (static 
adsorption). Finally, the model’s extrapolation capability was externally validated through process optimization, 
resulting in an optimal two-step elution condition and a yield improvement of the main variant from 25.9 % to 
89.1 % within purity specifications (>70 %).

1. Introduction

Chromatographic modeling originated in the 1980s [1,2]. In recent 
years, propelled by advancements in computer simulation techniques 
[3], chromatographic modeling has expanded into increasingly diverse 
application scenarios [4–14]. These applications have imposed new 
demands on the expression of chromatographic models [15–22]. 
Development of a next-generation chromatographic model, capable of 
simultaneously meeting academic demands for thermodynamic consis
tency and industrial requirements in everyday project work, has become 
a focal point of research [23,24]. The thermodynamic consistency refers 
to the requirement that the chromatographic model adhere to the laws 
of thermodynamics. This consistency ensures that the model produce 
results that are physically plausible.

Equilibrium isotherms are one of pivotal aspects of thermodynamic 
consistency in chromatographic modeling. The chromatographic model 
should accurately describe systems at equilibrium. The first row in Fig. 1
illustrates four classical types of adsorption isotherms: linear, Lang
muirian, anti-Langmuirian, and sigmoid (also known as anti- 

Langmuirian to Langmuirian, AL-L). The second and third rows depict 
their first and second derivatives, respectively. The final row illustrates 
their corresponding elution curves under conditions of axial dispersion 
as loadings increase in a single-component system. Typically, the linear 
model is only applicable at low mobile-phase concentration, thus lack
ing practical significance. Currently, the most widely-used adsorption 
model is Langmuirian isotherm, such as a steric mass action (SMA) 
model for ion exchange chromatography [25] and a Langmuir model for 
protein A chromatography. Compared to the Langmuirian isotherm, the 
anti-Langmuirian is convex (with first and second derivatives consis
tently greater than zero). Traditionally, the binding between proteins 
and ligands should adhere to the Langmuirian isotherm [26,27].

However, recent studies have observed a more complex adsorption 
process: anti-Langmuirian adsorption at lower loadings and Langmuir
ian adsorption at higher loadings for static adsorption [28,29]. This 
transition manifests in the elution profiles (dynamic adsorption) of 
cation exchange chromatography as species eluted earlier exhibit the 
Langmuirian adsorption, whereas those eluted later exhibit the 
anti-Langmuirian adsorption. Such AL-L transition corresponds to a 
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sigmoidal shape in their isotherm, thereby the sigmoidal isotherm is 
termed as the AL-L isotherm.

The AL-L behavior was first observed by Mihlbachler, et al. [28] in 
the separation of (±)-Tröger’s base enantiomers with a silica-based 
packing column. Khalaf, et al. [29] also observed this AL-L behavior 
in the polyelectrolyte brush type cation-exchangers. Both Mihlbachler, 
et al. [28] and Khalaf, et al. [29] attributed this AL-L behavior to 
multi-layer adsorption. Khalaf, et al. [29], through comparative obser
vations of different protein elution profiles on various ligands, further 
explained that the multi-layer adsorption arises from the thorough uti
lization of the polyelectrolyte brush’s 3D structure by proteins. Thus, the 
AL-L behavior occurs only when proteins can fully use the poly
electrolyte brush’s 3D structure.

Another theory of multi-layer adsorption is protein self-association 
developed by Mollerup, et al. [30]. They proposed that a protein 
molecule can function as a ligand and associate with another protein 
molecule, forming a double layer. To describe this adsorption behavior, 
they introduced a self-association (SAS) isotherm model based on 
applied thermodynamics. The SAS model is a kind of sigmoid isotherms 
that can describe AL-L behavior [31–33]. Additionally, the SAS model 
ensures the thermodynamic consistency and can be used to describe 
various chromatographic processes beyond ion exchange chromatog
raphy, such as hydrophobic interaction chromatography [34], 
mixed-mode chromatography [35–38], reversed-phase chromatography 
[39,40]. However, the SAS model introduces numerous model param
eters to be calibrated, thereby increasing the effort of calibration ex
periments and sample losses [31–33]. This approach is not economically 
viable for high-value bioproducts, such as monoclonal antibodies and 
Fc-fusion proteins.

Vetter and Strube [23] argued that the next-generation chromato
graphic models must not only meet academic demands for thermody
namic consistency but also fulfill industrial requirements in everyday 
project work. These industrial requirements include: the model’s ability 
to describe adsorption processes commonly encountered in industrial 
applications, and minimizing the number of model parameters while 
ensuring accuracy. Both Langmuirian and anti-Langmuirian adsorptions 
are frequently encountered in industrial applications. Therefore, the 
next-generation chromatographic models must be able to describe both 

behaviors simultaneously. In industrial applications, to ensure produc
tivity, very high loadings are often employed [41]. In such high-loading 
scenarios, the AL-L behavior becomes more pronounced [29,31,32,42,
43] and the solution becomes more non-ideal. Introducing an activity 
model to correct for the solution non-ideality is essential. Mollerup [44] 
derived an activity model based on the van der Waals equation of state 
[45] for single-protein systems, which has been widely applied [34–38].

Industrial applications often involve modeling multiple proteins. 
Some researchers have introduced the single-protein Mollerup model to 
multi-protein systems by simply adding subscripts. However, this 
approach has been proven thermodynamically inconsistent [46]. 
Therefore, in our previous study [46], a thermodynamically consistent 
asymmetric activity model was rederived for multi-protein systems and 
named as the multi-protein Mollerup model. Although this model has 
been theoretically validated for thermodynamic consistency, its poten
tial in other aspects, such as describing the AL-L behavior, warrants 
further exploration. This study aims to investigate the application of our 
previously proposed multi-protein Mollerup model in characterizing the 
AL-L behavior (dynamic and static adsorption) observed in 
cation-exchange chromatographic separation of charge variants of in
dustrial Fc-fusion proteins. We would elucidate why the developed 
model can describe this AL-L behavior through model-based explana
tions. Finally, the extrapolation capability of the developed model 
would be confirmed by employing external validation of process 
optimization.

2. Methods and materials

2.1. Chromatographic models

A chromatographic model consists of the column models for mobile 
phase c and stationary phase q. In this study the column model used was 
the equilibrium dispersive model, which considers the contributions 
from three mass transfer processes: convection (implemented through 
introducing the superficial velocity u and total porosity εt), dispersion 
(implemented through the apparent axial dispersion coefficient Dapp), 
and adsorption (implemented through phase ratio and adsorption ki
netics). The column model for protein i at time t and at axial position z is 
given by: 

∂ci

∂t
(z, t) = −

u
εt

∂ci

∂z
(z, t) + Dapp

∂2ci

∂z2 (z, t) −
1 − εt

εt

∂qi

∂t
(z, t) (1) 

which is completed with Danckwerts and Neumann boundary condi
tions at the column inlet and outlet, respectively: 

−
εtDapp

u
∂ci

∂z
(0, t) + ci(0, t) =

{
cinjxi 0 < t ≤ tinj
0 t > tinj

(2) 

∂ci

∂z
(L, t) = 0 (3) 

where tinj and cinj represent the injection time and concentration of 
proteins, respectively. xi are the mole fraction of protein i. The differ
ence of the column model between the salt and proteins lies in the 
absence of the adsorption phase for the salt. Additionally, the boundary 
conditions at the column inlet for the salt is determined by the elution 
conditions.

The isotherm model applied was the generalized ion-exchange 
(nGIEX) isotherm for multi-protein systems (n is the number of pro
teins, i, j = 1,2,⋯,n): 

kkin,i⋅
∂qi

∂t
(z, t) = keq,i⋅qνi

s (z, t)⋅̃γi(z, t)⋅ci(z, t) − qi(z, t)⋅cνi
s (z, t) (4) 

qs(z, t) = Λ −
∑n

j=1

(
νj + σj

)
⋅qj(z, t) (5) 

Fig. 1. Relationship between equilibrium isotherms and under conditions of 
axial dispersion for single components as loadings increase. Linear: ∂qi

∂ci 
= const 

and ∂
2q

∂c2
i
= 0; Langmuirian: ∂qi

∂ci
> 0 and ∂

2q
∂c2

i
< 0; anti-Langmuirian: ∂qi

∂ci 
> 0 and ∂

2q
∂c2

i 
>

0; sigmoid: ∂qi
∂ci

> 0 and ∃c0 such that ∂2q
∂c2

i
(c0) = 0.
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lnγ̃(z, t) = kscs(z, t) + kp

∑n

j=1
cj(z, t) (6) 

∂qs

∂t
(z, t) = −

∑n

j=1
νj⋅

∂qj

∂t
(z, t) (7) 

where the salt concentrations are denoted as qs in the stationary phase 
and cs in the mobile phase. qs represents the available sites for binding. Λ 
is total ion-exchange capacity. This combined model is referred to the 
generalized ion-exchange (GIEX) isotherm in some literature. However, 
it must be noted that the activity model, Eq. (6), is the thermodynami
cally consistent multi-protein Mollerup model, which was proposed in 
our previous work [46] and whose range lies in (0, 1]. It includes two 
parameters: ks for salt-protein interaction and kp for protein-protein 
interaction. The summation in Eq. (6) implies that the formula ac
counts for the contributions of all proteins (n > 1) to the solution ac
tivity, which is different from the GIEX model reported in the literature 
that considers the contribution of only a single protein (n = 1). To 
differentiate our model from the reported GIEX model, we referred to 
our isotherm model as the nGIEX model.

For a single-protein system, the nGIEX model can be degenerated 
into the GIEX model proposed by Mollerup [44] and Huuk, et al. [47]. If 
solute-solvent interactions are disregarded (ks, kp→ 0), the activity 
correction becomes negligible: 

lim
ks ,kp→0

γ̃ = lim
ks ,kp→0

exp

[

kscs(z, t) + kp

∑n

j=1
cj(z, t)

]

= 1 (8) 

in which the nGIEX model can be degenerated into the SMA model. The 
interaction parameters (ks and kp) differ significantly from the SMA 
model parameters (characteristic charge ν, equilibrium coefficient keq, 
shielding factor σ, and kinetic coefficient kkin) in a crucial aspect: the 
interaction parameters lack subscripts, implying uniformity across all 
proteins.

At the adsorption equilibrium, ∂qi/∂t = 0, the static form of the 
nGIEX model is: 

qi

ci
= keq,i

[

Λ −
∑n

j=1

(
νj + σj

)
⋅qj

]νi

⋅exp

(

kscs + kp

∑n

j=1
cj

)

⋅c− νi
s (9) 

2.2. Experiments

In our previous study [41,48], we proposed a standardized approach 
for modeling ion-exchange chromatography. The approach guided the 
experimental design as follows: 

1) Pulse-injection experiments and acid-base titration experiments 
were used for determining εt, Dapp and Λ. The specific experimental 
methods were consistent with those of Chen, et al. [41]. System and 
column-specific parameters are listed as: εt = 0.726; Dapp = 0.404 
mm2/s; Λ = 0.389 M.

2) Feed material was analyzed to determine the components considered 
for modeling. Fc-fusion proteins with a molecular weight of 
approximately 78 kDa and an isoelectric point of 8.7 were provided 
by Shanghai Henlius Biotech, Inc. (Shanghai, China.). The proteins 
were synthesized within Chinese hamster ovary cells and later pu
rified utilizing protein A affinity chromatography. The eluate from 
the affinity chromatography was collected and stored at -80◦C to 
preserve stability until required for subsequent study. The protein 
samples were analyzed by the whole-column imaged capillary iso
electric focusing (icIEF) system iCE3 (ProteinSimple, Silicon Valley, 
USA) and tested using a diode array detector within the 1260 infinity 
II liquid chromatography system (Agilent Technologies, Santa Clara, 
USA). Protein concentration was measured by high performance 

liquid chromatography using the POROS™ A 20 µm column with 
dimensions of 2.1 × 30 mm and a volume of 0.1 mL (Thermo Sci
entific, Waltham, USA). Components considered for modeling con
sisted of two acidic variants (A1 and A2), one main variant (M), and 
one basic variant (B), if only the components comprising over 5 % 
were included. The electropherogram illustrating the icIEF analysis 
of the feed material is depicted in Fig. 2.

3) The nGIEX model was calibrated by three gradient elution experi
ments with loading and elution conditions presented in Table 1. The 
sample was loaded at a concentration of 15.6 g/L. In these experi
ments, a flow rate of 2.78 mL/min was applied to a column with the 
height of 177 mm and the volume of 13.9 mL in an ÄKTA avant 25 
system (Cytiva, Uppsala, Sweden). The column was packed with 
POROSTM XS 50 resin (Thermo Fisher Scientific, Waltham, USA). 
Formulation of the low-salt buffer A was 3.24 g/kg of Na2H
PO4⋅12H2O and 1.72 g/kg of NaH2PO4⋅2H2O, which was used for 
sample preparation, equilibration, and washing. Formulation of the 
high-salt buffer B was 3.94 g/kg of Na2HPO4⋅12H2O, 1.4 g/kg of 
NaH2PO4⋅2H2O, and 5.0 g/kg of NaCl, which was used for elution. 
All buffers were formulated with deionized water and filtered using a 
0.2 μm sterile filter. The column was regenerated using a 1 M NaOH 
solution. Elution peaks exhibiting a UV signal exceeding 50 mAU at 
280 nm were collected and analyzed. Analysis methods for the 
fractions were consistent with those used for the feed material.

4) Calibrated model’s generalization ability was validated using process 
optimization at a loading of 20 g/L. Columns, samples, and buffer 
formulations used were consistent with those of the calibration 
experiments.

2.3. Chromatograms for evaluating dynamic Langmuirian/anti- 
Langmuirian behavior

Langmuirian/anti-Langmuirian elution types on chromatograms 
(dynamic adsorption) for both calibration and validation experiments 
can be identified by peak asymmetry, which is one intuitive represen
tation of different adsorption types as depicted in Fig. 1. A skewness is 
considered as a crucial indicator for describing peak asymmetry [1], 
which can be calculated through moment analysis. A n-th raw moment 
and a n-th central moment are given by: 

μ’
n =

∫ ∞

0
tnc(L, t)dt

/∫ ∞

0
c(L, t)dt (10) 

μn =

∫ ∞

0

(
t − μ’

1
)nc(L, t)dt

/∫ ∞

0
c(L, t)dt (11) 

Fig. 2. Electropherogram for icIEF of feed material. Component contents: first 
acidic variants (A1) at 5.154 %, second acidic variants (A2) at 12.255 %, main 
variants (M) at 56.168 %, and basic (B) variants at 17.542 %.
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The skewness can be calculated by: 

skewness = μ3
/

μ1.5
2 (12) 

A positive skewness indicates a tailing peak, corresponding to 
Langmuirian elution. Conversely, a negative skewness suggests the anti- 
Langmuirian elution.

2.4. Model calibration

An inverse method was chosen to estimate the nGIEX model pa
rameters with an objection function as: 

min
ν,keq ,σ,kkin ,ks ,kp

∑m

j=1

∑n

i=1

‖ c’
i(t) − ch,i

(
L, t; νi, keq,i, σ, kkin,i, ks, kp

)
‖

2
L2

‖ c’
i(t)‖

2
L2

(13) 

where m are the number of experiments, ‖ ⋅‖L2 is L2-norm, c’
i and ch,i are 

the experimented and simulated concentration of protein i in liquid 
phase, respectively.

In solving the optimization problem, we employed a two-step inverse 
method to enhance the efficiency and accuracy of the solution. Initially, 
we implemented a heuristic algorithm, specifically the differential 
evolution algorithm, which iterated 1600 times. Following this, we 
transitioned to a deterministic algorithm, the L-BFGS-B algorithm, to 
further refine the results. The convergence (early stopping) criterion for 
this algorithm was set such that the relative change in the gradient of the 
objective function was less than 10− 5. For these two algorithm, the 
search range for the nGIEX model parameters was defined as ν ∈ [1,20], 
keq ∈

[
10− 6,106], σ ∈ (0,200], kkin ∈

[
10− 12,1

]
, ks ∈ [ − 20,0), and kp ∈

(
0,106].

2.5. Isotherm sampling for evaluating static Langmuirian/anti- 
Langmuirian behavior

Sampling is referred to as evaluating the model performance across 
different parameter combinations. By performing sampling calculations 
on the static adsorption isotherms for each protein (with varying pa
rameters), we can identify whether the static adsorption follows a 
Langmuirian or anti-Langmuirian pattern. Eq. (9) cannot be solved for 
multi-protein systems due to the inability to assess competitive 
adsorption among the proteins. Hence, only single-protein isotherm 
sampling was explored (in such situation, the nGIEX model equals to the 
GIEX model). Sampling was conducted at four salt concentrations: pure 
buffer A (0 % B), 60 % buffer B (initial gradient concentration), 70 % 
buffer B (peak position), and 80 % buffer B (final gradient concentra
tion), with a protein concentration upper limit of 5 g/L.

2.6. Process optimization

To mitigate the risk of overfitting, we implemented process optimi
zation as an external validation, which allows us to confirm that the 
model generalizes well to unseen data, thus enhancing its reliability. The 
process optimization identified an optimal two-step elution condition. 
This optimization task consists of two problems: the first optimization 
problem aimed to maximize the yield by finding the optimal elution 
conditions, while the second optimization problem aimed to maximize 

the yield by determining the optimal peak cut points, with the latter 
serving as a constraint for the former. This problem definition was 
adapted from Leweke and von Lieres [49] by modifying the first opti
mization problem.

The first optimization problem involves three decision variables: the 
salt concentration for the first step B1, the salt concentration for the 
second step B2, and the column volumes for the step switching CVswitch: 

max
B1 ,B2 ,CVswitch

Yproduct(ci;B1,B2,CVswitch, CVL,CVR)

s.t. f(x) > 0
0 ≤ B1 < B2 ≤ 100

0 < CVswitch < CVfinal

(14) 

where CVfinal refers to the final column volume for the two-step elution 
(30 CV in this case), CVL and CVR respectively denote the left and right 
cut points. The constraint function f(x) is defined as: 

max
CVL ,CVR

f(x) = Yproduct(ci;CVL,CVR)

s.t. Pproduct ≥ 70%
PA1 + PA2 ≤ 10%

0 ≤ CVL < CVR ≤ CVfinal

(15) 

where the purity constraint was provided by Shanghai Henlius Biotech, 
Inc. and the purity and yield are defined as: 

mi(CVL,CVR) =

∫ CVR

CVL

ci(L, t)dt (16) 

Pi(ci) =
mi

∑n
j=1mj

(17) 

Yi(ci) =
mi

cinj,itinj
(18) 

The two optimization problems employed the same optimization 
algorithms as those used for model calibration, specifically a combina
tion of the differential evolution algorithm and the L-BFGS-B algorithm. 
The only difference lies in the search range of the decision variables, 
which has been clearly defined in Eq. (14).

2.7. Software and implementation

All coding works, including a numerical solution of the chromato
graphic models using a discontinuous Galerkin finite element method, a 
numerical integration in moment analysis, a differential evolution al
gorithm and a L-BFGS-B algorithm for model calibration and process 
optimization, and an implicit function solved in isotherm sampling, 
were implemented in Python. These computations were performed on 
an i9-13900K processor. For model calibration and process optimiza
tion, each computation was run three times with different random seeds, 
and the average results were taken to ensure that the obtained param
eters are robust across different scenarios and to avoid local optimum. 
To reduce computational effort associated with the differential evolu
tion algorithm, parallel computing techniques were employed.

3. Results

3.1. Anti-Langmuirian to Langmuirian elution behavior

The skewness, calculated from elution profiles and Eq. (12), was 
employed to differentiate the Langmuirian and anti-Langmuirian elution 
types. The obtained skewness is depicted in the legend of Fig. 3. It is 
observed across all charge variants that with an increase in retention 
volume, the skewness shows a transition from positive to negative. 
Additionally, the skewness of two acidic variants is positive (Lang
muirian adsorption), whereas the skewness of main and basic variants is 
negative (anti-Langmuirian adsorption). A comparison between Fig. 3A 
and Fig. 3C reveals an increase in skewness for both main variant (-0.14 

Table 1 
Experiment conditions of calibration and validation experiments.

No. Purpose Loading (g/ 
L)

Elution condition

1 Calibration 20 Gradient 15 CV from 60 %B to 80 %B
2 Calibration 20 Gradient 25 CV from 60 %B to 80 %B
3 Calibration 30 Gradient 10 CV from 60 %B to 80 %B
4 Validation 20 Two-step 23.2 CV at 45.6 %B and 7.8 CV at 

84 %B
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to -0.12, then to -0.02) and basic variant (-0.69 to -0.65, then to -0.26) 
with an increase in loading volume. These results imply a weakening of 
the anti-Langmuirian adsorption, indicating a transition to the Lang
muirian adsorption, which refers to as AL-L elution behavior. In 
contrast, the peak A1 exhibits L-AL elution behavior. This is likely due to 
computational errors resulting from the incomplete peak A1 and its 
concentrations falling below the detection limit, particularly in Fig. 3A.

3.2. Determination of the sign of interaction parameters

To describe the observed AL-L behavior, the multi-protein Mollerup 

activity model (γ̃ = ekscs+kp
∑n

j=1
cj ) proposed in our previous study [46] 

for describing the non-ideality of protein solution was introduced to the 
traditional SMA model, resulting in two additional interaction param
eters to be determined, ks and kp. Prior to its applications, it was 
necessary to evaluate the sign of these two parameters, because there 
was some controversy in the literature regarding their sign [32,47]. In 
this work, we proposed that ks < 0 and kp > 0 by the following reasons:

With reference to Fig. 1, we evaluated the derivatives of the static 
form of the nGIEX model in Eq. (9) by taking limits. Considering ci 
approaching positive infinity, Eq. (9) can be reduced to the SMA model 
with the expression and derivatives as: 

lim
ci→∞

qi = keq,i⋅qνi
s ⋅c− νi

s ⋅ci (19) 

lim
ci→∞

∂qi

∂ci
=

qνi
s

k− 1
eq,i⋅c

νi
s + νiqνi − 1

s (νi + σi)ci
(20) 

lim
ci→∞

∂2q
∂c2

i
= − νi(νi + σi)

qνi − 1
s (νi + σi)ci(νi + 1) + 2k− 1

eq,i⋅cνi
s

q1− 2νi
s

[
k− 1

eq,i⋅c
νi
s + νiqνi − 1

s (νi + σi)ci

]3 (21) 

Since the parameters of the SMA model (νi, keq,i, σi) are all positive, it 
can be deduced from Eqs. (20) and (21) that ∂qi

∂ci
> 0 and ∂2q

∂c2
i 
< 0. This 

indicates the Langmuirian adsorption behavior when ci is sufficiently 
large. Conversely, when ci approaches zero, the expression and de
rivatives of Eq. (9) become: 

lim
ci→0

qi = keq,i⋅Λνi ⋅̃γ⋅c− νi
s ⋅ci (22) 

lim
ci→0

∂qi

∂ci
= keq,i⋅Λνi ⋅c− νi

s ⋅
(
kpci + 1

)
⋅̃γ = keq,i⋅Λνi ⋅c− νi

s ⋅̃γ (23) 

lim
ci→0

∂2q
∂c2

i
= keq,i⋅Λνi ⋅c− νi

s ⋅
(
kpci + 2

)
kp ⋅̃γ = keq,i⋅Λνi ⋅c− νi

s ⋅2kp ⋅̃γ (24) 

As mentioned previously, the comparison between Fig. 3A and 
Fig. 3C indicates the anti-Langmuirian adsorption at low ci. According to 

Fig. 1, ∂qi
∂ci

> 0 and ∂2q
∂c2

i
> 0 for anti-Langmuirian adsorption. To satisfy 

these conditions, kp must be positive. Constrained by the range of ac
tivity coefficients, ks is negative; otherwise, the activity would consis
tently exceed one.

3.3. Model calibration

After determining the sign of ks and kp, an inverse method was 
employed to calibrate the proposed nGIEX model as defined by Eq. (13). 
To streamline the calibration process, it was assumed that charge vari
ants exhibited similar properties apart from their differing charges. 
Therefore, the SMA parameter σ was unity for different variants, which 
aligns with numerous studies utilizing the inverse method to fit SMA 
formalism [50–53]. Similarly, the interaction parameters ks and kp lack 
subscripts, implying uniformity across all variants.

Based on these assumptions, the six isotherm parameters ν, keq, σ, 
kkin, ks, and kp can be divided into two categories: ν, keq, and kkin 

differing based on variant types, and σ, ks, and kp uniform across all 
variants. In this study, a total of four variants required modeling, 
resulting in 15 degrees of freedom. The optimal model parameters were 
obtained through numerous iterations, as presented in Table 2.

By comparing ν of different variants, it is evident that this parameter 
exhibits an increasing trend with the peak position. This implies that in 
cation exchange chromatography, variants eluted later have a higher 
charge, indicating stronger binding affinity to the ligand. σ is 12.41, 
suggesting that due to steric mass action, around 12.41 binding sites are 
shielded. This shielding effect leads to the Langmuirian adsorption in the 
nGIEX model at high loadings. ks and kp are -8.46 and 28488 M-1, 
respectively, which is consistent with the order of magnitude reported 
by Huuk, et al. [47], Koch, et al. [32] and Nfor, et al. [35]. A negative ks 
and a positive kp indicates that an increase in salt concentration or a 
decrease in protein concentration can result in a reduction in solution 
activity.

The elution curves simulated with the determined model parameters 
are illustrated in Fig. 4. As mention previously, the skewness of elution 
curves concluded that variants A1 and A2 exhibited the Langmuirian 
adsorption (positive skewness), whereas variants M and B demonstrated 
the anti-Langmuirian adsorption (negative skewness). Fig. 4 shows that 

Fig. 3. Skewness of first acidic (A1), second acidic (A2), main (M), and basic (B) variants. R2 in the title represents the agreement between protein amount (PA) of 
the collections and UV absorbance. Green area: the collection meeting the purity specifications. PA: protein amount.

Table 2 
nGIEX model parameters determined by inverse method of first acidic (A1), 
second acidic (A2), main (M), and basic (B) variants.

Variant ν keq × 104 σ kkin × 107/(sMν) ks/M-1 kp/M-1

A1 5.40 91.15 12.41 5165.67 -8.46 28488
A2 6.86 15.68 176.70
M 7.28 12.08 34.45
B 8.23 4.51 4.45
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R2 between model simulations and experiments consistently exceeded 
0.95. This satisfactory fit suggests that the nGIEX model is capable of 
simultaneously simulating the Langmuirian and anti-Langmuirian 
adsorption for all variants.

An intuitive observation supporting this suggestion can be seen in 
Fig. 4C, where the experiment was conducted with a gradient length of 
10 CV with a loading of 30 g/L. The variants M and B exhibits pro
nounced anti-Langmuirian adsorption, resulting in asymmetric peaks. 
The developed nGIEX model adequately can capture this asymmetry (R2 

is 0.961). The asymmetric peaks simulated with the nGIEX model 
resemble those derived from other more sophisticated mechanistic 
models [29,31–33,42,47]. These studies attributed such asymmetry to 
AL-L behavior, especially pronounced under high loading conditions. 
This perspective is corroborated in our study, as particularly evident in 
Fig. 4C (loading at 30 g/L), where the asymmetry of peaks is much 
pronounced. This is because multi-layer adsorption occurs only when 
the loading reaches a sufficiently high level. Although the models pro
posed in these literatures were based on different theories, they all 
considered activity corrections for protein solutions [29,31–33,42,47]. 
Therefore, it can be inferred that our findings owe to the introduction of 
activity correction in the nGIEX model.

The difference of variant M in Fig. 4C may be due to the relatively 
high loading, limiting the mass transfer and causing the assumption of 
the equilibrium dispersive model to no longer hold. As a result, the 
overserved peaks are lower while the simulations do not account for this 
limitation, leading to higher simulated peaks. It is undeniable that the 
low concentrations of side components fall below the detection limits of 
the analytical method, leading to incomplete peaks and reduced fitting 
quality, as illustrated by the acidic and basic variants in Fig. 4A-B.

The curves of activity model composed of ks and kp are illustrated in 
Fig. 4. Due to ks < 0 and kp > 0, the activity coefficients exhibit a 
negative correlation with salt concentration but a positive correlation 
with protein concentration. The equilibrium buffer utilized in this study 
had an ionic strength of 0.029 M. With the calculation of the activity 
model in Eq. (6), its activity coefficient is 0.8, indicating that the equi
librium buffer used is a negative bias solution (γ̃ < 1). As the gradient 
starts, 80 % of buffer B is introduced into the column, causing a rise in 
salt concentration and a decrease in activity coefficients. Upon protein 
elution, there is an upward trend in activity coefficients, which results in 
a delayed elution of peaks, generating fronting peaks akin to those in 
anti-Langmuirian adsorption as depicted in Fig. 1.

3.4. Isotherm sampling

In addition to evaluating the AL-L elution behavior (dynamic 
adsorption), the nGIEX model’s ability to describe sigmoidal isotherms 
(static adsorption) was assessed for each variant through isotherm 
sampling. This assessment was based on the nGIEX model parameters 
listed in Table 2.

Results of the isotherm sampling are depicted in Fig. 5. The 
adsorption at the pure buffer A exhibits strong Langmuirian adsorption. 
For the adsorption isotherms containing a certain proportion of buffer B, 
anti-Langmuirian adsorption at low concentrations and Langmuirian 
adsorption at high concentrations could be found, indicating the 
sigmoidal isotherms (AL-L adsorption). Khalaf, et al. [29] argued that 
the point at which the behavior shifts from anti-Langmuirian to Lang
muirian significantly impacts the adsorption process. This shifting point 
is dependent on the salt concentration in the mobile phase. An increase 
in salt concentration could shift the point to occur at higher 
mobile-phase concentrations.

A comparison of the four subplots in Fig. 5 reveals that at the same 
mobile-phase concentration, the stationary-phase concentrations for 
variants A1, A2, M, and B increase sequentially, implying that their peak 
positions in chromatograms also increase sequentially. Furthermore, 
under the same conditions, the areas of the anti-Langmuirian adsorption 
region for variants M and B are larger than those for variants A1 and A2, 
indicating that variants M and B have more tendency to undergo anti- 
Langmuirian adsorption. In Fig. 3, we did not observe anti- 
Langmuirian elution behavior for variants A1 and A2, but it is evident 
in Fig. 5. This discrepancy primarily arises from the isotherm sampling 
targeting single-protein systems, thus overlooking interactions between 
proteins. This implies that the plotted adsorption isotherms for single 
proteins differ from those of multiple proteins.

Through the isotherm sampling, it is confirmed that the developed 
nGIEX model exhibits the sigmoidal adsorption isotherms, thus pos
sessing the capability to describe AL-L elution behavior. This is attrib
uted to the introduction of the activity correction term. Vetter and 
Strube [23] have reported that the SAS model with consideration of the 
activity correction can exhibit sigmoidal isotherms.

3.5. Process optimization

The above sections confirmed that the nGIEX model can describe AL- 
L elution behavior (dynamic adsorption) and the sigmoidal isotherm 
(static adsorption), its extrapolability was further externally validated 
through process optimization. Prior to process optimization, we 

Fig. 4. Chromatograms and activity models of linear gradient elution experiments with elution starting at 0 CV for model calibration. R2 in the title represents the 
agreement between experiments (scatters) and model simulations (lines) of first acidic (A1), second acidic (A2), main (M), and basic (B) variants.
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calculated the yield of variant M in three calibration experiments while 
meeting specifications as defined in Eq. (15). Only the experiment with a 
gradient length of 25 CV and a loading of 20 g/L (Fig. 3B) achieved a 
yield of 25.9 % within the purity specifications, with a collection range 
of 18.7-20.7 CV.

Solving the problem as defined by Eqs. (14) and (15) yielded the 
optimal two-step elution conditions (Table 1): a first step with a salt 
concentration of 45.6 % buffer B and an elution volume of 23.2 CV, 
followed by a second step with a salt concentration of 84 % buffer B and 
an elution volume of 7.8 CV. The collection range satisfying the purity 
specification is 24.6-28.0 CV, with the predicted yield of 86.7 %.

Based on the optimal elution conditions predicted by the model, a 
two-step elution experiment was performed. The resulting protein 
amount comparison, chromatograms, and activity models are presented 
in Fig. 6A-B. The yield from the curves of protein amount in Fig. 6A was 
calculated within the predicted collection range, which resulted in a 
yield of 89.1 %, close to the predicted value of 86.7 %. We observed 
characteristics of the optimal elution conditions predicted from the 
model: the salt concentration in the first step should elute acidic peaks 
without eluting variant M (these peaks were not collected due to their 
concentrations being below the detection limit, but their concentrations 
could be estimated from the UV signal), while the salt concentration in 
the second step should elute variant M without eluting variant B. It was 
this elution characteristic that raised the yield from 25.9 % to 89.1 %.

The skewness of the four variants was calculated as shown in Fig. 6A. 

An increase in skewness for variants M and B was observed compared to 
the calibration experiments in Fig. 3. The skewness of variant M changed 
from negative (anti-Langmuirian adsorption in Fig. 3) to positive 
(Langmuirian adsorption in Fig. 6A), reaffirming the existence of AL-L 
elution behavior.

The elution curves predicted by the developed nGIEX model are 
shown in Fig. 6B. The variant M, as predicted by the model, exhibits 
tailing peaks indicative of Langmuirian adsorption, consistent with 
experimental observations. Fig. 6 shows that R2 between model pre
dictions and experiments for elution curves is 0.942, which indicates 
that the nGIEX model calibrated under anti-Langmuirian adsorption can 
also predict its Langmuirian adsorption under high salt concentrations.

The process optimization based on the nGIEX model demonstrates 
excellent predictive capabilities when applied to high loadings for in
dustrial applications, confirming the rationality of calibrating the nGIEX 
model. Through this model-based optimization, the yield increased from 
25.9 % before optimization to 89.1 % after optimization. Compared to 
traditional design of experiments methods, model-based process opti
mization offers a deeper understanding of the chromatography process. 
This effectively reduces costs in process development and achieves a 
more globally optimal process.

4. Discussion

The nGIEX model developed in this work can describe the AL-L 

Fig. 5. Sampling of nGIEX isotherm model of first acidic (A1), second acidic (A2), main (M), and basic (B) variants. AL: anti-Langmuirian. L: Langmuirian.

Fig. 6. Protein amount comparison (a), chromatogram and activity model (b) of two-step experiment (scatters) and model prediction (lines) with elution starting at 
0 CV for process optimization. A1: first acidic, A2: second acidic, M: main, and B basic variants. Green area: the collection meeting the purity specifications.
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behavior observed in both dynamic and static adsorption of industrial 
Fc-fusion proteins due to the introduction of the activity correction (γ̃ =

exp
(

kscs + kp
∑n

j=1cj

)
). This AL-L behavior cannot be described by the 

traditional SMA model (purely Langmuirian model). In the chromato
grams (Fig. 4 and Fig. 6), γ̃ = 1 at the peak position, where the nGIEX 
model is equivalent to the SMA model. However, the key point of our 
model is its ability to describe the anti-Langmuirian behavior, which is 
common at low mobile-phase concentrations where the nGIEX model 
differs from the SMA model (γ̃ < 1).

This activity correction is based on the thermodynamically consis
tent multi-protein Mollerup model proposed in our previous work [46]. 
The summation in the activity model implies that our activity model 
considers the contributions of all proteins to the solution activity, which 
aligns better with the thermodynamic definition of activity. The nGIEX 
model differs significantly from the reported GIEX model in describing 
multi-component AL-L elution behavior, as demonstrated through nu
merical experiments in our previous work [46].

The performance of the multi-protein Mollerup model is influenced 
by the sign of the two interaction parameters. The model can describe 
the AL-L behavior only when ks < 0 and kp > 0. As analyzed in Eqs. (20), 
(21), (23), and (24), a negative ks and a positive kp suggests the anti- 

Langmuirian adsorption (∂qi
∂ci

> 0 and ∂2q
∂c2

i
> 0) as ci approaches zero, 

while the Langmuirian adsorption (∂qi
∂ci

> 0 and ∂2q
∂c2

i
< 0) as ci tends to 

positive infinity. The combination of these two adsorption types gives a 
sigmoid isotherm. This inference is consistent with the activity model 
introduced by Koch, et al. [32] for polypeptide separation via cation 
exchange chromatography, but contradicts the findings of Huuk, et al. 
[47], who inferred negative values for both parameters in their study on 
antibody separation via cation exchange chromatography and therefore 
did not observe AL-L behavior in their isotherm sampling. The sign of 
the interaction parameters are subject to debate, appearing not only in 
cation exchange chromatography but also in hydrophobic interaction 
chromatography [54] and mixed-mode chromatography [35,37,55].

In addition to considering the impact of the asymmetric activity 
model γ̃ itself, it is essential to consider the role of γ̃ in the isotherm 
model from two perspectives: the practical thermodynamic equilibrium 
constants keq,i γ̃ and the corrected protein binding capacity qνi

s γ̃.
The first perspective is adsorption equilibrium. We can perceive the 

introduced activity coefficients as corrections to the equilibrium coef
ficient in Eq. (4), where the corrected equilibrium coefficient is keq,i γ̃. ks 

< 0 indicates that a reduction in salt concentration leads to an increase 
in equilibrium coefficients, while kp > 0 indicates that a growth in 
protein concentration leads to an increase in equilibrium coefficients. 
The increase in equilibrium coefficients intensifies the adsorption pro
cess in equilibrium, while diminishing the desorption process. This im
plies that the protein-ligand interaction is strengthened, making it more 
difficult for proteins to dissociate from ligands, thereby resulting in 
delayed protein elution. The corrected equilibrium coefficients keq,iγ̃ 
were named as practical thermodynamic equilibrium constants in the 
literature [30,56,57]. When evaluating adsorption equilibrium, prac
tical thermodynamic equilibrium constants (keq,iγ̃) should be considered 
rather than keq,i alone, which varies over several orders of magnitude 
between the four variants as shown in Table 2.

The second perspective is protein binding capacity. If we express the 

product of the Langmuirian term (
[
Λ −

∑n
j=1
(
νj + σj

)
qj

]νi
) and the anti- 

Langmuirian term (exp
(

kscs + kp
∑n

j=1cj

)
) in Eq. (4), qνi

s γ̃, as the protein 

binding capacity, ks < 0 implies a decrease in protein binding capacity 
with an increase in salt concentration, consistent with the understanding 
that proteins bind to the ligand at low salt concentrations and elute at 
high salt concentrations. kp > 0 indicates an increase in protein binding 
capacity with an increase in protein concentration, suggesting the 
occurrence of a multi-layer adsorption process. Khalaf, et al. [29] and 

Mollerup, et al. [30] also utilized the multi-layer adsorption to explain 
the AL-L elution behavior.

The developed nGIEX model demonstrates excellent predictive ca
pabilities when applied to high loadings for industrial applications. It 
holds promise as the next-generation chromatographic model, capable 
of simultaneously meeting academic demands for thermodynamic con
sistency and industrial requirements in everyday project work. The AL-L 
behavior was observed in several industrial projects involving different 
separation systems, not limited to cation-exchange chromatographic 
separation of charge variants of Fc-fusion proteins in this work, indi
cating that the AL-L behavior is a common phenomenon for industrial 
applications. Developing a thermodynamically consistent model to 
describe this behavior has profound implications for industrial appli
cations. However, this work primarily provides a model-based expla
nation of this phenomenon, observations of multi-layer adsorption 
require further experimental design and exploration.

5. Conclusion

In this study, AL-L elution behavior was observed in cation-exchange 
chromatographic separation of charge variants of industrial Fc-fusion 
proteins. The multi-protein Mollerup activity model was integrated 
into the traditional SMA model to characterize this behavior, resulting in 
a new model named as the nGIEX model. The signs of two additional 
model parameters were determined by taking their limits (ks < 0 and 
kp > 0). The model was calibrated by three linear gradient elution ex
periments. R2 > 0.95 indicates the nGIEX model can effectively describe 
the AL-L elution behavior (dynamic adsorption). Using isotherm sam
pling, the nGIEX model exhibited sigmoidal AL-L isotherms (static 
adsorption) for all variants. The model’s extrapolation capability was 
externally validated through process optimization, resulting in an 
optimal two-step elution condition and a yield improvement of the main 
variant from 25.9 % to 89.1 % while meeting purity specifications (>70 
%). We also discussed the reasons why the nGIEX model can describe 
AL-L behavior from two perspectives: practical thermodynamic equi
librium constants and the corrected protein binding capacity. This work 
confirms that the nGIEX model holds promise as the next-generation 
chromatographic model, capable of simultaneously meeting academic 
demands for thermodynamic consistency and industrial requirements in 
everyday project work.
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