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ABSTRACT: A hybrid (gray-box) modeling framework, physics-informed neural networks
(PINNs), has garnered significant attention. However, a huge challenge in applying PINNS to
bioprocesses is developing a loss function that synergizes different bioprocess dynamics. To
mitigate this challenge, a novel physics-based deep learning method was developed by
integrating order-of-magnitude analysis to the loss function of PINNs (oPINNs) using
biological first principles. Compared to standard PINNs and numerical methods for solving
the forward problem of linear chromatographic models, oPINNs demonstrated notable
improvements: an order-of-magnitude enhancement in accuracy with an equivalent sample
size, or a 32-fold reduction in sample size for equivalent accuracy, along with a 1000-fold
acceleration in computational speed for millisecond-scale simulation. Moreover, oPINNs
showed exceptional robustness in weight determination and hyperparameter selection amidst
variations in chromatographic model parameters. In summary, oPINNs represent a significant
advancement in integrating physics-based deep learning into hybrid modeling of bioprocesses,
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particularly for developing real-time digital twins.

1. INTRODUCTION

The hybrid (gray-box) model, as a synergy of mechanistic
(white-box) and data-driven (black-box) models, has emerged
as an invaluable tool in bioprocess modeling."”” This model
leverages the first-principle understanding of bioprocesses
accumulated over the past half-century while also utilizes
flexible data-driven models to interpret the unidentifiable
dynamics during bioprocesses.”* This dual approach enhances
robustness, improves extrapolation, and avoids overfitting.’
Within this hybrid modeling framework, data-driven insights
should complement mechanistic models—expressed through
algebraic, ordinary differential, or partial differential equations
(PDEs)—rather than replace them.”” The degree of hybrid-
ization can quantify the contributions of white-box and black-
box components in a hybrid model.*” This complementary
perfectly addresses a key challenge in bioprocess modeling: the
lack of sufficient high-quality experimental data makes it
difficult to establish fully data-driven models, while the
unidentifiable dynamics may lead to overly simplified
mechanistic models with poor fitting and predictability.'*~"*
Recently, a hybrid modeling framework known as physics-
informed neural networks (PINNs) has garnered significant
attention.>™*° This approach integrates both PDEs and data
into its loss function, utilizing the automatic differentiation
properties of NNs for computing PDE losses.”’ PINNs are
considered a promising hybrid modeling technique,”*** with
potential applications extending from computational fluid
dynamics in chemical processes to bioprocess modeling."**~**
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However, research on PINNs in bioprocesses is still in its
early stages, with applications currently limited to certain areas
such as chromatography in bioseparations.”**’ These studies
emphasize a huge challenge: developing a loss function that
synergizes different bioprocess dynamics. The development of
this loss function is critical to the performance of PINNS,
which have been even referred to as the “loss term method” by
Thuerey et al.*' Introducing weights into the loss function can
help balance the influence of different loss terms. Current
approaches for determining these weights in chromatography
modeling include empirical fine-tuning,*® cross-valida-
tion,”***~*" and adaptive adjustments.”* While these methods
can successfully train a PINN, they often prioritize empirical
and mathematical aspects over underlying biological first-
principles,*” potentially undermining the integration of PINN's
into bioprocess models. Therefore, there is an urgent need to
develop a weight determination method based on first-
principles to enhance this integration.

The concept of “weights” in the loss function refers to the
assignment of different levels of importance to various loss
terms. In chemical engineering, order-of-magnitude analysis
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Figure 1. Schematic diagram of order-of-magnitude physics-informed neural networks (oPINNs). (A) forward and backward propagation of
oPINNSs. (B) white-box model including loss terms and the corresponding weights determined by order-of-magnitude analysis. (C) black-box

model implemented by fully connected NNs.

serves as a powerful tool for assessing importance,*** allowing
engineers to estimate quantities to the nearest power of ten
and quickly assess relative significance of different bioprocess
dynamics. Consequently, the incorporation of order-of-
magnitude analysis from chemical engineering into the loss
function of PINNs has the potential to accelerate model
training, facilitate convergence, enhance physical consistency,
and reduce overfitting risks.

Once PINNs are reasonably trained, they can unlock a wide
range of applications in bioprocesses, 4particularly those
sensitive to computational efficiency.”* Tang et al.”®
suggested that the significant speed improvements brought
by PINNs hold promise for enabling real-time process control
and the development of digital twins for chromatographic
processes. Although analytical solutions exist for chromato-
graphic models under ideal linear adsorption conditions in the
Laplace domain,*®*” practical nonlinear applications neces-
sitate traditional grid-based numerical methods, ™" which
often face a significant trade-off between computational cost
and accuracy. Grid refinement can enhance solution accuracy
but also demands more computational time. Consequently,
numerical methods are often combined with reduced-order
models or linearization techniques,” sacrificing some accuracy.
In contrast, as a mesh-free approach, PINNs, can effectively
eliminate this trade-off without any compromise. Previous
studies’™”” have applied PINNs to model-based process
optimization, demonstrating a 250-fold reduction in computa-
tional time while maintaining accuracy comparable to
traditional numerical methods.

To enhance the contribution of biological first-principles
into the PINN loss function and address the computational
cost-accuracy trade-off, this work introduces a novel approach
that integrates order-of-magnitude analysis into PINNs
(oPINNs). This generalized approach is specifically applied
to linear chromatographic models (Section 2). The learning
procedures for oPINNS are detailed in Section 3, while Section
4 evaluates the performance differences in accuracy, con-
vergence, robustness, and computational efficiency between
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oPINNs and the reference methods (analytical solutions,
numerical solutions, standard PINNSs) in solving the forward
problem of linear chromatographic models. Finally, Section 5
discusses the profound implications of oPINNs and their
connection with calculus.

2. ORDER-OF-MAGNITUDE PHYSICS-INFORMED
NEURAL NETWORKS

2.1. Physics-Informed Neural Networks. The solution y
of chromatographic models includes the concentrations of the
mobile phase ¢ and the stationary phase g:

)’(Z; t) = [C(Z) t) Q(z) t)]T (1)

where z and t are axial position and time, respectively. The
governing equation of eq 1 is

9y de 9q T
—(z,t) = [—(z,t) —(z, t)]
(z, t) PSR LD 2)

where = and — can be expressed by

dc ac 0% 0q

—(z,t - y %t

@)=/ ek ) 3)

9

E(Z; t) - g(C; q, 2, t) (4)

One can use a NN to approximate the solution y in eq 1. If
the approximation y,, is sufficiently accurate, the PDEs in eqs 3
and 4 should naturally be satisfied. In other words, the PDE
residual L should be equal to zero:

Lopg =

T 2
[%( 0-1 4, t)—g] 2

L

(8)
where || ||iz denotes the L>-norm. NNs can approximate yj,
thus the derivatives of NNs obtained using automatic

differentiation can approximate the derivatives of y,. f and g

https://doi.org/10.1021/acs.iecr.4c03744
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Table 1. Loss Terms and Corresponding Weights of oPINNs

term loss L reciprocal of the weight w™"
PDE l—¢,\oC ac 1 0%C B 1-¢ 1 1
H(l + - tH)I(Z’ 7) + E(Z’ 7) — E?(Z, 7) B (1 + . H)de +1 - Pee)
BC (inlet) 2 L4
HLE(@ 7) — C(0,7) +1 0<7<7, Pe
Pe 0Z | )
1 0C :
——(0,7) - C(0, t T> T,
BC (outlet) ac 2 1
E(lr T) 2
2
Ic oz of, (©)

in eq S can be determined using automatic differentiation and
the expression of chromatographic models. To ensure the
existence of a unique solution to the PDEs, loss terms Ly for
boundary conditions (BCs) and L for initial conditions
(ICs) must also be considered. Additionally, a data-driven loss
term Ly, is introduced to account for unidentifiable parts in
the mechanistic models. As shown in Figure 1A, the solution of
chromatographic models is reformulated into training a NN
parametrized by € to minimize the loss function:

Inain(‘EPDE + Lyc + Lic + Lo (6)

This approach (PINNs) can approximate the solution to
PDEs by training NNs via the integration of physics
information. The loss function shown in eq 6 is unbiased
and referred to as the unbiased PINNs in this study.
Conversely, the biased PINNs includes weights:

Ingin(WPDE‘LPDE + wpcLpc + wicLic + wData‘LData) )

Without any influence from observational data, L., this
optimization is defined as a forward problem, which involves
obtaining for the model solution given all model parameters,
essentially predicting the behavior of the system. Conversely,
with the observed data or the model solution used, this
optimization is named as an inverse problem. The inverse
problem is fundamental in many applications, such as
parameter estimation in modeling,”® where the goal is to
refine the model to accurately reflect real-world observations.
In summary, while the forward problem is about prediction
based on known parameters, the inverse problem seeks to
deduce those parameters from known outcomes.

2.2. Linear Chromatographic Models. Equations 3 and
4 define a chromatographic model, which is specialized as the
equilibrium dispersive model coupled with the linear isotherm.
This model lumps all dispersion effects in only one parameter
(apparent axial dispersion D,,,) to describe band spreading for
the mobile phase:

app

dc u dc 9%
—(z,t) = ———(2, t) + D,,— (2, t
0t( ) & dz( ) Ppazz( )
1—¢ 0
_ _“:t_q(z) £)
g Ot (8)

where u and g, are superficial velocity and total porosity,

Combining eq 8 with 9 gives

1-¢ dc u dc 0%
1+ —H|=(z,t) = ———(z,t) + D, —=(z, t
( - ] @) = 2% 1)+ Dy (e, 1)

ot &
(10)

which is completed with Danckwerts BCs at the column inlet

with an injection of a constant injection concentration ¢, for a
given injection time f;;:
- <t.
E'tD oc Cm] 0<t< inj
——5=(0, 1) + ¢(0, 1) =
Ueol 0z 0 t> tin]' (11)
and Neumann BCs at column outlet
oc
—(L,t) =0
oz (12)
A fully regenerated column is considered as ICs:
«(z,0) =0 (13)

2.3. Dimensionless Models. To eliminate dimensional
differences of physical quantities in the chromatographic
models and reduce the number of parameters, it is necessary
to transform governing equations, BCs, and ICs into
dimensionless forms. The dimensionless variables for mobile
phase concentration, stationary phase concentration, axial
position, and time are defined as

€= o/, (14)
Q= q/cy; (15)
Z=1z/L (16)
ut
T=—
el (17)

The ratio of convective transport to axial dispersion is
defined by the axial Péclet number:

uL
€Dypp (18)

Pe =

Substituting eqs 14, 15, 16, 17, and 18 into eq 10 yields the
following dimensionless mass balances:

respectively. The linear isotherm model with Henry coefficient 1—¢e \oC 9C 1 o*C
H is considered for stationary phase: (1 + —tH]a—(Z, 7) = —a—Z(Z, 7) + P—E(Z, 7)
& T e
q(z, t) = Hee(z, t) ) (19)
3170 https://doi.org/10.1021/acs.iecr.4c03744
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1 0<7< 1,
~L% 0,5+ co,7) = { !
Pe 0Z > Ty (20)
aC
—(1,7)=0
az( ) (21)
C(z,0) =0 (22)

The loss terms based on eqs 19, 20, 21, and 22 are detailed
in Table 1.

2.4. Order-of-Magnitude Analysis. Based on order-of-
magnitude analysis, we proposed a novel approach to
determine the weights of PINNs, termed as oPINNSs.
Specifically, four weights need to be determined: wppg, Wpcins
Wpcouw and wic. The objective of weight determination in
oPINNs is to scale different loss terms to a consistent
magnitude, thereby preventing dominance by any single loss
term and reducing the dimensionality of hyperparameter
search. We estimate the magnitude of each loss term through
order-of-magnitude analysis and utilize the reciprocal of these
estimates as their respective weights to achieve consistent
magnitudes and the equalization of different loss terms. We
denote the approximate scaling of a physical quantity with the
symbol “~”.

For a fully regenerated column, eq 22, it follows that C = 0.
While oPINNs simulate C approaching zero, exact C = 0
cannot be achieved, resulting in a residual termed infinitesimal
0(C). This defines the dimensionality of the IC in eq 22:

C ~ o(C) (23)
Consequently, the weight for the IC is determined as
wie = o(C) (24)

Similar to the infinitesimal of concentration, one can define
infinitesimals o(z) for time and 0(Z) for length, sequentially
obtaining the dimensionality of each term in eq 19:

oc Q) _ 1

o o(r) g (29)
aC  o(C) _ .
0Z 0(Z) (26)
02_C o(C) 1
0z o(2) o(2) (27)
Therefore, the weight for the PDE is determined as

= i ] I
w = R -

FoE €, Tond Pe-0(Z) (28)

The dimensionality of each term for the column inlet BC in
eq 20 is

%€, 0y~ 29

0z o(Z) (29)
If0 <7< 1

—C(0,7) +1~—-0(C)+1~1 (30)
If 7> 7y

Cc(0,7)~1 (31)

Accordingly, the weight for the column inlet BC is
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o 1

WBC,in = +1

Pe (32)

The dimensionality of the column outlet BC in eq 21 is

o(©) _ |
o(2)

Thus, the weight for the column outlet BC is

aC
&(1) T) ~ (33)

-1

wBC,out =1 (34)

The loss terms and corresponding weights of oPINNs are
listed in Table 1 and Figure 1B.

3. METHODS AND MATERIALS

3.1. Analytical and Numerical Solution. This study
evaluated the performance of the proposed oPINNs for solving
the linear chromatographic models, based on comparisons
between oPINNSs, standard unbiased PINNSs, analytical
solutions, and traditional numerical methods.

The chromatographic models, composed of egs 19, 20, 21,
and 22, are second-order nonhomogeneous linear differential
equations with constant coeflicients. Its analytical solution can
be obtained through the Laplace transform and its inverse,
with specific expressions referenced from Van Genuchten®
and Qamar et al.*’

The chromatographic models can also be solved using
numerical methods. A high-order accurate numerical method
(DG-FEM) has demonstrated excellent performance in solving
chromatographic models.”*~® Fluxes for both the convection
and diffusion terms used central fluxes, which ensures that for
odd-order polynomials, the order of convergence matches the
polynomial order.

3.2. Forward Problem. In this work, L, in eq 7 was
ignored, so we focused on solving the forward problem of
linear chromatographic models. This problem involves the
governing equation in eq 19, BCs in eqs 20 and (21), and IC in

1_E‘H, Pe, and 7,,. The

eq 22, with three model parameters: - inj*

1—¢g

dimensionless H and Pe were provided by the numerical

£t
experiments of Chen et al.’” and Chen et al.:*®

l—stH_1—0.58

= % 0.20

& 0.58

0.57 e
— ' | ~13

(0.55 + 0.05)/2 (35)

2 250.

pe = 0278 X 250.00 ~ 571

0.58 X 0.21 (36)

Assuming a total simulation time 7,4 = 20, 7;;; was set to 2
and 20 to simulate two classical conditions in chromatography
experiments: pulse injection and breakthrough experiments.
3.3. Model Implementation in Pytorch. A fully
connected NN was used to develop the proposed oPINNS.
This network (Figure 1C) comprised two input nodes (Z and
7), one output node (C), n; hidden layers, and n; nodes per
layer, with each linear layer followed by an activation function.
The training loss was calculated by the mean squared error
(MSE) and minimized by the Adam and L-BFGS optimizers.
The gradient information required for the loss calculation was
obtained through PyTorch’s automatic differentiation feature.

https://doi.org/10.1021/acs.iecr.4c03744
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Table 2. Search spaces and optimums of hyperparameters under consideration

Hyperparameter Symbol Search space Optimum
number of hidden layers ny {1,2,3,4,5,6} 4
number of nodes per layer n {4,8,16,32,64,128,256} 64
learning rate - {10721073,107%} 1073
activation function - {sigmoid, tanh, ReLU}" tanh
infinitesimal” 0(2)/0(C) {1074,107%,107%,107*} 1073

“The linear layer initialization for different activation functions follows PyTorch’s defaults. %0(2)/0(C) isa hyperparameter investigated specifically
for oPINNS.

(A)

(B) FG-Train (C) RG-Train (D) Reduced-RG-Train
20 o g -

16 4

12 4 POE
i©
BC (inlet)

BC (outlet}

L)
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I
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Figure 2. Two-dimensional spatiotemporal grids of RG and FG. (A) 10300 RG sample points for hyperparameter search. (B) 64640 FG sample
points, with a polynomial order of 3 and 16 elements for model training. (C) 65278 RG sample points for model training. (D) 2050 reduced RG
sample points for model training. For RG sample points, the ratio of PDEs, ICs, and BCS is n2esh: Mmesh 2mes Where 7, is the side length of the

grid.

For a fair comparison, all four solutions (oPINNS, standard PINNs was influenced by the sampling of spatiotemporal
PINNs, DG-FEM, and the analytical solution) involved in this coordinates. Two sampling methods were examined in Figure
work were implemented using PyTorch’s double-precision 2: one where the mesh generated by DG-FEM served as the
floating-point tensors.”” All computations were executed on an sample points for PINNs, referred to as the FEM-generated

Intel 199—13900K CPU with GPU acceleration provided by an (FG) mesh; and another where uniform random sampling was
RTX 4080. The time integration in DG-FEM was performed used, referred to as the random-generated (RG) mesh. The

using the backward differentiation formula (BDF). total number of sample points for RG mesh was constrained to

3.4. Hyperparameter Selection. Before the formal fractions of the DG-FEM mesh density: 1/1, 1/2, 1/4,1/8, 1/
performance evaluation of the methods, we selected hyper- 16, 1/32, 1/64. The accuracy of DG-FEM was affected by the
parameters for oPINNs and PINN using a grid search order, number of elements, and integration step size. Since
apPIOaChéo with the Adam and L-BFGS optimizers for 1000 DG-FEM was a high-order method, we set the order to 3. The
and 500 epochs, respectively, which constitutes 5% of the examined number of elements are {4,8,16}, with the BDF
formal training epochs. The sample sizes were fixed: 100 X 100 integration step size fixed at 1%o of the total simulation time.
for PDEs, 100 for ICs, and 2 X 100 for BCs. Uniform random For convergence evaluation, DG-FEM examined the ability
sampling was employed, and a fixed random seed ensured that of the numerical solution to progressively approach the exact
the linear layers had the same initialization. The hyper- solution as the mesh was refined. For oPINNs and standard

parameters under consideration fell into five categories, with

their search spaces detailed in Table 2. The total number of convergence of the loss function during training was also
hyperparameter searches was 3024 for oPINNs and 1008 for examined.

PINN. We selected and fixed the appropriate hyperparameters 3.6. Evaluation of Robustness. Weights in our proposed

for the subsequent parts of our research. PINNs includ del L=epr and
3.5. Evaluation of Accuracy and Convergence. ° s Include two model parameters, — and Pe, as

Accuracy and convergence of three approximation methods
(oPINNS, standard PINNs, and DG-FEM) were evaluated in

PINNS, besides investigating the effect of mesh refinement, the

shown in eqs 28 and 32, respectively. %H is an adsorption

solving the forward problem of linear chromatographic models, isotherm parameter that couples the column total porosity with
using the analytical solution as the benchmark. Both oPINNs the elution behavior. Pe, on the other hand, is a mass transfer
and standard PINNs were trained under optimal hyper- parameter, defined as the ratio of the convection rate to axial

parameters, with training conducted using the Adam and L- dispersion.
BEGS optimizers for 20000 and 10000 epochs, respectively. To investigate the effect of these two parameters on oPINNs
Training was stopped early if the change in the loss function is and to evaluate the robustness of oPINNs under their
less than 1076 or if the relative change is less than 107>, These variation, these two parameters were varied to 8, 4, 2, 1/2,
tolerance parameters were consistent with those used for the 1/4, and 1/8 times their original values and 1/2, 1/4, 1/8, 1/
BDF method in DG-FEM solution. 16, 1/32, and 1/64 times their original values, respectively.
The accuracy was evaluated by calculating MSE. To This variation was determined based on their physical
distinguish this from the training error, we referred to it as signiﬁcance.é1 Then, the performance of the oPINNs under
the evaluating error. The accuracy of oPINNs and standard these conditions was assessed and compared to that of
3172 https://doi.org/10.1021/acs.iecr.4c03744
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Figure 3. Pulse-injection experiments: hyperparameter importance using oPINNs (A) and PINNs (C), empirical distribution function using
oPINNs (B) and PINNs (D), results of hyperparameter selection using PINNs (E-J) and oPINNs (K-T).

standard PINNs and DG-FEM. This evaluation includes
examining the robustness of the method for determining the

weights and hyperparameters in oPINNS.

For comparison, the DG-FEM was set to a polynomial order
of 3 with 4 elements. Both oPINNs and standard PINNs

utilized random sampling, with the total number of sample
points kept consistent with the mesh density of the DG-FEM.

3.7. Evaluation of Computational Efficiency. The
computational efficiency of oPINNs and DG-FEM was
evaluated under varying sample sizes (grid densities) for the
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forward problem of linear chromatographic models. To ensure
a fair comparison, we implemented the DG-FEM code using
PyTorch’s tensors and obtained the Jacobian matrix using
PyTorch’s automatic differentiation. For oPINNSs, the cost
time per iteration during training was recorded. Similar to the
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accuracy evaluation, the computational efficiency of oPINNs
was assessed using both FG and RG meshes. All computations
were GPU-accelerated, with a single 6.00 GHz CPU core
activated. The time cost was measured using the timeit magic
command in Jupyter Notebook, which automatically deter-
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Figure S. Pulse-injection experiments: losses during training processes (A), proportion of losses during training processes (B), convergence of
approximate solutions (C), concentration distribution inside the column for analytical solution (D), oPINNs with RG mesh (E), oPINNs with FG
mesh (F), PINNs with FG mesh (G), DG-FEM (H), absolute differences between the analytical solution and four approximate solutions (I-L),
concentration distribution at the column inlet and outlet for the analytical solution and four approximate solutions (M—P).

mines the number of iterations based on the task load and
calculates the average time cost.

4. RESULTS AND DISCUSSION

4.1. Hyperparameter Selection. The grid generated
using uniform random sampling for hyperparameter search is
shown in Figure 2A. The same grid was used to search the
hyperparameters for both oPINNs and PINNS.

For pulse injection experiments, the hyperparameter search
results for oPINNs are depicted in Figure 3K—T. Figure 3A
quantitatively evaluates the importance of the five investigated
hyperparameters by calculating the gradient of L with respect
to each hyperparameter. The additional hyperparameter
introduced, infinitesimal o(C), is the least influential among
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the five, which suggests that introducing o(C) does not
significantly increase the complexity of the hyperparameter
search. The model insensitivity to variations in this hyper-
parameter indicates strong robustness of oPINNS.

Figure 3A reveals that the number of neurons per layer n; has
the most significant impact. As observed in Figure 3K,
increasing n; effectively captures finer features in the samples,
leading to lower training errors. However, when # is increased
to 256, the excessive number of neurons results in a vastly
expanded parameter space, making optimization extremely
difficult. Figure 3A also demonstrates that the importance of
learning rates follows n. Another structural parameter, the
number of layers n;, has a lesser impact.”® Different activation
functions exhibit significant performance differences in

https://doi.org/10.1021/acs.iecr.4c03744
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Figure 6. Breakthrough experiments: losses during training processes (A), proportion of losses during training processes (B), convergence of
approximate solutions (C), concentration distribution inside the column for analytical solution (D), oPINNs with RG mesh (E), oPINNs with FG

mesh (F), PINNs with FG mesh (G), DG-FEM (H), absolute differences between the analytical solution and four approximate solutions (I-L)
concentration distribution at the column inlet and outlet for the analytical solution and four approximate solutions (M-P).

oPINNS, particularly the networks with the ReLU activation

function.
Additionally, the empirical distribution function (EDF)

curves for the 1512 hyperparameter search results of pulse
injection experiments for oPINNs according to different
learning rates are shown in Figure 3B. An EDF curve closer
to the left means better model performance. Figure 3B shows
that both excessively large and small learning rates degrade
model performance, with the optimal learning rate at 107>,
For breakthrough experiments, the hyperparameter search
results of oPINNSs are illustrated in Figure 4K—T. As shown in
Figure 4A, the importance of hyperparameters ranks from high
to low as follows: n;, > activation function > n) & learning rate
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~ 0(C). The optimal n; ranges from 3 to S, as indicated in
Figure 4K.

Considering the hyperparameter selection results for both
pulse injection and breakthrough experiments of oPINNs, the
same hyperparameters was utilized: n, = 4, n; = 64, learning
rate = 1073, Tanh activation function, 0(C) = 1073, The total
number of network parameters is 1153. None of these
hyperparameters fall within the search boundaries, validating
the rationality of the search space configuration. Once the
infinitesimal is determined, the weight coefficients in oPINNs
derived from first-principles are unique. This highlights a
significant advantage of oPINNs: it minimizes the effort
required to test various weight combinations. The correspond-
ing EDF for these chosen hyperparameters is depicted in

https://doi.org/10.1021/acs.iecr.4c03744
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Table 3. Computational efficiency of oPINNs and DG-FEM for the forward problem of chromatographic models under varying

sample sizes/grid densities

Method Sample size/grid density PI loss
oPINNs (FG) 64640 2.74-05
oPINNs (FG) 32288 2.14e-05
oPINNs (EG) 16128 1.30e-02
oPINNs (RG) 65278 1.51e-04
oPINNs (RG) 32578 3.40e-0S
oPINNs (RG) 16254 5.54e-05
oPINNs (RG) 8200 8.31e-05
oPINNs (RG) 4100 1.50e-05
oPINNs (RG) 2050 6.67e-04
oPINNs (RG) 1025 4.45¢-03
DG-FEM 64640, 3 order 16 elements 1.29¢-04
DG-FEM 32288, 3 order 8 elements 1.10e-03
DG-FEM 16128, 3 order 4 elements 8.06e-03

BT loss PI time cost/ms BT time cost/ms
5.17e-06 934 825
1.89¢-05 573 4.81
6.05¢-04 5.08 4.09
1.05e-05 9.13 8.69
3.13e-05 579 479
4.52e-05 493 3.93
3.13e-06 428 3.90
1.29¢-05 327 2.90
1.15¢-04 3.51 3.07
7.36e-04 4.01 2.81
8.08¢-05 442 432
5.96e-04 406 394
3.09¢-03 384 390

Figure 3B and Figure 4B. Under this hyperparameter
combination, the loss for pulse injection experiments is 8.51
x 1075 (better than 96.2% of combinations), and the loss for
breakthrough experiments is 3.08 X 10~ (better than 84.1% of
combinations).

The hyperparameter search results for pulse injection and
breakthrough experiments of PINNs are illustrated in Figure
3C—J and Figure 4C—J, respectively. The ordering of
hyperparameter importance evaluation results in PINNs aligns
with oPINNSs, with the sole distinction that PINNs do not
consider the hyperparameter o(C). This observation indirectly
suggests that the introduction of o(C) in oPINNs does not
lead to hyperparameter selection results radically different from
PINNS, thus highlighting the robustness of oPINN.

One notable difference from oPINNs observed in PINNSs is
the significant instability using ReLU as the activation function
during pulse injection experiments. Both the worst and best
performing combinations include the ReLU function, as
depicted in Figure 3E—] and Figure 4E—]. The least effective
(MSE > 1) hyperparameter combination consistently features
ReLU activation, a learning rate of 1072, and 1, of 256. Across
the hyperparameter results of oPINNs and PINNs, the
combinations satisfying all three conditions consistently fail
to yield satisfactory training outcomes. Zou et al.** also noted
poor performance of ReLU activation in solving chromato-
graphic models.

To simplify hyperparameter selection complexity, we strived
to maintain consistency in the hyperparameter selection of
PINNSs with those of oPINNs, while excluding o(C). Figure 3D
and Figure 4D demonstrate the selected hyperparameters
corresponding to EDF, with a loss of 2.99 X 107" for pulse
injection experiments (superior to 28.6% of combinations) and
3.37 X 10" for breakthrough experiments (superior to 65.1%
of combinations). The total number of network parameters in
PINNs remains consistent with oPINNs.

4.2. Evaluation of Accuracy and Convergence. With
the selected hyperparameter configurations, oPINNs and
PINNs were trained using the FG (Figure 2B) and RG
(Figure 2C) meshes, respectively. The training losses of the
four models exhibit a continuously decreasing trend with
increasing iterations, as shown in Figure SA (pulse injection
experiments) and Figure 6A (breakthrough experiments),
indicating that the chosen learning rates were reasonable. Over
a total of 30000 epochs, the proposed oPINNs consistently
outperformed standard PINNs in terms of convergence in
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training loss. Standard PINNs with RG mesh exhibited
divergence during L-BFGS optimization, a phenomenon
absent in both RG and FG meshes with oPINNs.

Based on the optimal epochs obtained from training, we
computed the concentration distributions inside the column
for oPINNs (RG), oPINNs (FG), PINNs (FG), and DG-
FEM, as illustrated in Figure SE—H and Figure 6E—H.
Comparison with analytical solutions (Figure SD and Figure
6D) demonstrated that our proposed oPINNs can provide the
best approximation to the analytical solutions. Standard PINNs
showed significant deviation from the analytical solutions,
while DG-FEM approximations exhibited slight numerical
oscillations.

By computing the absolute differences between four
approximate solutions (Figure SE—H and Figure 6E—H) and
the analytical solution (Figure SD and Figure 6D), we obtained
the evaluating errors of these four approximate solutions in
concentration distributions of the column (Figure SI-L and
M—P as well as Figure 61-L and M—P).

For the concentration distribution inside the column (Figure
SI-L and Figure 6I-L), at the same sample points, the
evaluating error of oPINNs is approximately one order-of-
magnitude lower than that of DG-FEM (2.9 X 107%: 1.3 X
107 in pulse injection experiments for FG mesh and 1.0 X
1075: 8.5 X 107" in breakthrough experiments for RG mesh).
The error in DG-FEM primarily stems from the column inlet
and outlet BCs (eqs 20 and 21). Both oPINNs and DG-FEM
significantly outperform standard PINNs (by three to 4 orders
of magnitude), which exhibit substantial errors in describing
initial conditions (bottom boundary of the spatiotemporal
coordinates in Figure SK and Figure 6K).

Regarding the concentration distribution at the column inlet,
all approximate solutions (excepting for standard PINNS)
demonstrate consistency with the analytical solution, indicating
effective minimization of Lyc;,. At the column outlet (the

most commonly measured signal in practical experiments),
standard PINNs also exhibit significant errors, suggesting that
Ly ot Was not adequately minimized for standard PINNs.*

Furthermore, it could be observed that oPINNs perform better
on FG mesh (Figure 2B) compared to RG mesh (Figure 2C),
which exceeds our initial expectations. This suggests that using
Jacobi polynomials to generate the mesh might be an effective
approach for integrating traditional numerical methods with
PINNSs.
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Figure 7. Optimal method for obtaining approximation solution of different model parameter ratios (A and E). Distribution of loss functions for
oPINNs (B and F), PINNs (C and G), and FEM (D and H). First row: pulse injection experiments. Second row: breakthrough experiments.

Figure 5B and Figure 6B illustrate the proportion of training
loss during the training process of oPINNs. The four loss terms
exhibit a balanced distribution, each decreasing in proportion
uniformly over 20,000 iterations of Adam optimization, while
the L-BFGS optimizer effectively reduces errors associated
with .CBC‘in. The model consistently tends to retain the
smallest initialized contribution, Lppg, which starts with the
smallest proportion and ends with the largest after training.
Overall, the weights in oPINNs determined by order-of-
magnitude analysis are reasonable, ensuring no single loss term
dominates throughout the training process.

The four weights are specified as follows: wyc = 10°, WpCin =
9.98 X 107", wpc ou = 10°, and wppg = 2.77 X 10", There exists
a three-order-of-magnitude difference between the smallest
weight (wpc;,) and the largest weights (wic and wpcoy). The
equal weights in the unbiased PINNs results in wpc;,
dominating the loss, explaining why PINNs only minimize
Wpc,in While diminishing optimization on other loss terms.

Figure SC and Figure 6C evaluate the convergence of
approximate solutions with varying sampling points, high-
lighting specific errors listed in Table 3. The theoretical
convergence order of the third-order DG-FEM with central
flux equals three. For pulse injection and breakthrough
experiments, the experimental convergence order of DG-
FEM is 3.00 and 2.62, respectively. In breakthrough experi-
ments, the experimental convergence order of oPINNSs is 3.43,
indicating superior performance compared to DG-FEM and
approaching the reéported convergence order using Lax-
Friedrichs flux.**~>%%*

In Figure SC and Figure 6C, it can be observed that
increasing the sample points does not significantly improve the
accuracy of oPINNs as expected, suggesting excessive
computational resources are spent on additional sampling
points. Therefore, we consider further reducing the sampling
points to 1/8, 1/16, 1/32, 1/64 of DG-FEM and evaluate the
errors. Figure 2D shows a 1/32 reduced-RG mesh. This
reduction in sampling points does not excessively sacrifice the
accuracy of oPINNs but significantly reduces computational
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resource consumption. This highlights the robustness of the
proposed oPINNs in sampling point settings, whereas
traditional DG-FEM heavily relies on grid refinement for
accuracy improvement.

4.3. Evaluation of Robustness. The pulse injection and
breakthrough experiments were conducted within the param-

lzg‘H and Pe. The

experiments involved oPINNs, standard PINNs, and DG-
FEM, and the results are presented in grid plots as shown in
Figure 7. Figure 7A summarizes the optimal method of
different parameter ratios, where oPINNs and DG-FEM each
achieve approximately half of the best solution, while standard
PINNs notably underperform compared to the other two
models. The weights for oPINNs were determined by these
model parameters. This result confirms that within the
specified range of model parameter variations, this weight
determination significantly enhances the performance and
robustness of oPINNs compared to standard PINN.

In Figure 7B,F, the distribution of loss functions for oPINNs

'““H and Pe.

eter space generated by varying ratios of

exhibits a complex relationship with the ratio of —
This complexity arises partly due to the dependency of oPINN

1—¢

weights on H and Pe, and potentially insufficient training

iterations that may not fully exploit the oPINN capabilities. In
contrast, as shown in Figure 7C,G, standard PINNs are

insensitive to variations in Pe and converge to smaller losses at

l;E‘H . DG-FEM, as depicted in

both ends of the range of

Figure 7D,H, demonstrates superior performance when
dispersion dominates (smaller Pe).

This finding contrasts with He and Tartakovsky®’
observations in solving the two-dimensional convection-
diffusion equation, where standard PINNs excel in scenarios
with smaller Pe. We attribute this difference to our
hyperparameters being chosen when the model parameter
ratio was one, which may not be optimal for NNs after
changing the ratios. Nevertheless, our results demonstrate that

https://doi.org/10.1021/acs.iecr.4c03744
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despite potentially suboptimal hyperparameter choices,
oPINNs outperform traditional numerical methods signifi-
cantly. However, as depicted in Figure 7A,E, particularly in the
bottom-left region, oPINNs lose comparability with traditional
methods when model parameters vary significantly from the
selected hyperparameter point. This suggests that while the
chosen hyperparameters exhibit robustness within a certain
range of model parameter changes, a reevaluation of
hyperparameter selection may be necessary when parameters
vary beyond a certain extent.

4.4. Evaluation of Computational Efficiency. The
computational efficiency of oPINNs and DG-FEM for the
forward problem of linear chromatographic models under
varying sample sizes/grid densities is summarized in Table 3.

DG-FEM takes approximately 400 ms, with a slight
reduction in time as the grid sparsity increases. It is noteworthy
that to ensure a fair comparison with oPINNs, we employed
double-precision floating-point tensors in PyTorch for DG-
FEM. This implementation includes a pure Python BDF time
integrator, resulting in significant performance loss. Using
NumPy implementation, solving time can be reduced to less
than 100 ms, approaching performance levels reported for C++
implementations in literature.>*

At the same grid density (sample size), oPINNs achieve
higher computational accuracy compared to DG-FEM while
improving computational speed by 50—75 times, with a
calculation time of 4.09—9.34 ms per iteration. Further
reducing sample sizes maintains comparable computational
efficiency between oPINNs and DG-FEM, and oPINNs could
achieve approximately 150 times faster computations than DG-
FEM. This improvement is largely attributed to GPU
acceleration. It should be noted that the computation times
reported here are with automatic differentiation enabled. In
practical forward problem inference using pretrained models,
gradient information is unnecessary, allowing automatic
differentiation to be disabled to conserve CPU and memory
usage. With automatic differentiation disabled, oPINNs can
achieve computation speeds over 1000 times faster than DG-
FEM.

4.5. Discussion on Profound Implications of oPINNS.
Our proposed oPINNs represent significant advancements to
addresses the computational cost-accuracy trade-off inherent in
traditional numerical methods. They can be significant
advancements in solution accuracy (an order-of-magnitude
improvement for accuracy with equivalent sample size or a 32-
fold reduction in sample size for equivalent accuracy) and
computational speed (a 1000-fold acceleration), relying on
using order-of-magnitude analysis. Particularly, the introduc-
tion of infinitesimals establishes a perfect mapping between the
chromatographic models and the loss function of NN.

Infinitesimals are most commonly associated with their
pivotal role in calculus. Classical differentiation and integration
are expressed as

flx + Ax) — f(x)
Ax

f'(x) = lim

Ax—0

(37)

F) = [fx)dx -

where Ax and dx represent infinitesimals. Viewing calculus
through the lens of NNs, for differentiation, the inputs
comprise the original function f(x) and the infinitesimal Ax,
yielding the derivative f'(x). Ax transforms f(x) into f'(x). For
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integration, the inputs involve the original function f(x) and
the infinitesimal dx, yielding the integral F(x). dx transforms
f(x) into F(x). These infinitesimals Ax and dx serve as tools
for scale transformations.

For oPINNs, the inputs are the original function f(x) and
the infinitesimal o(x), yielding the approximation solution
F(x). o(x) transforms f(x) into F(x). This transformation
encompasses both integral and differential aspects, primarily
focusing on differential forms for PDEs of chromatographic
models. This understanding tightly integrates oPINNs with
traditional calculus, providing mathematical meaning to solving
PDEs using oPINNS.

Beyond mathematical interpretation, infinitesimal o(x) can
also be understood from a physical perspective. For instance,
signifies the minimal change in concentration caused by adding
a single solute molecule in a solution. This infinitesimal
quantity should be equal to the reciprocal of Avogadro’s
constant.

If infinitesimals serve as a bridge connecting calculus to
PINNS for solving PDEs, then order-of-magnitude analysis act
as a lever for leveraging bioprocess dynamics with PINN.
Order-of-magnitude analysis allows comprehensive consider-
ation of contribution of different dynamics to the loss function,
thereby preventing domination by any single term. PDEs of
bioprocess models can be transformed through rearrangement,
multiplication, and division into various forms. For example,
the column inlet BC in eq 20 can also be expressed by
multiplying both sides by Pe:

Pe 0<7<1

0 inj
~9€ 0, 1) + Pe-C(0, 7) = ’
aZ O T > Tinj (39)

As a result, the corresponding loss term in Table 1 needs
modification to

‘EBC,in =
aC 2
—(0, 7) — Pe-C(0, 7) + Pe 0<7<1,
oz p j
9 2
H—C(O, 1) — Pe-C(0, 7) T> T,
oz - j
(40)

The reciprocal weight wlglcyin determined by oPINNs method

adjusts from Pie + 1 to Pe + 1, compensating for the impact of

changes in the equation expression. Avoiding the need for
reselecting and retraining network hyperparameters for differ-
ent expression forms significantly enhances the practicality of
oPINNS, a challenge that oPINNs can effectively address by
seamlessly connecting the physical meaning of bioprocess
models to the weights of loss terms.

4.6. Discussion on Prospects of oPINNS in Bioprocess
Modeling. The proposed oPINNs imbue the loss function of
PINNs with biological first-principles through order-of-
magnitude analysis, significantly reducing barriers to integrat-
ing PINNSs into hybrid modeling of bioprocesses.

For hyperparameter selection, oPINNs reduce all weight
hyperparameters to a single infinitesimal. This reduction is
particularly pronounced in multicomponent systems. For
instance, in a ternary separation system, determining up to
12 weights would traditionally require evaluating 5'* = 2.44141
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X 10® combinations, rendering grid search impractical. By
leveraging order-of-magnitude analysis, significant time savings
can be achieved in hyperparameter search. For future studies
using oPINNSs, adopting a reasonable default value for the
infinitesimal (e.g, 107°) can enhance model usability by
minimizing the need for frequent adjustments and simplifying
the tuning process.

The proposed oPINNs demonstrate robustness in both
weight determination and hyperparameter selection when the
parameters of chromatographic models vary within a certain
range. This robustness allows oPINNs to extend from solving
individual PDEs to solving multiple PDEs (with model
parameter variations), thereby enhancing their practical
applicability. Future exploration will focus on solving series
chromatographic models.

The comparison of computation speed using identical
hardware, implementation methods, and computational
precision is fair. The GPU accelerator plays a pivotal role in
achieving millisecond-scale simulation of chromatography
processes with oPINNS, leveraging parallel computing across
thousands of CUDA cores. With GPU accelerators, physics-
based deep learning lays the foundation for future real-time
applications such as process control and digital twin develop-
ment.®* For instance, developing a real-time digital twin for
chromatography, combined with soft sensors and GPU edge
computing inference,**~°® enables monitoring, analysis,
optimization, prediction, and control of the chromatography
process based on real-time models.”” This can achieve a
bidirectional link between the physical and virtual worlds.

Efficiency of physics-based deep learning solvers like
oPINNs can be further enhanced by optimizing network
structures.”” The achieved 1000-fold acceleration in computa-
tional speed in this study may not represent the upper limit.
For instance, Li et al.”' reduced the solution time of Navier—
Stokes equations from 18 h to S ms using physics-based deep
learning, achieving a speedup of 6.48 X 10’ times over
traditional numerical methods. This suggests that oPINNs
could offer even greater computational efficiency advantages in
handling complex models.”> Our future work aims to apply
PINNs to develop the more sophisticated chromatographic
hybrid models based on general rate models and nonlinear
isotherm models.

5. CONCLUSIONS

This work proposed a novel physics-based deep learning
method by integrating of order-of-magnitude analysis into
PINNs (oPINNs). oPINNs imbued the loss function with
biological first-principles, significantly reducing barriers to
integrating PINNs into hybrid modeling of bioprocesses. In
comparison to standard PINNs and numerical methods for
solving the forward problem of linear chromatographic models,
oPINNs could achieve notable improvements: an order-of-
magnitude enhancement in accuracy with an equivalent sample
size, or a 32-fold reduction in sample size for equivalent
accuracy, along with a 1000-fold acceleration in computational
speed for millisecond-scale simulation. These enhancements
effectively address the computational cost-accuracy trade-off
inherent in traditional numerical methods. Moreover, oPINNs
showed exceptional robustness in weight determination and
hyperparameter selection amidst variations in chromatographic
model parameters. In summary, oPINNSs represent a significant
advancement in integrating physics-based deep learning into
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hybrid modeling of bioprocesses, particularly for developing
real-time digital twins.
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